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YPOKHU TAHATAPA.
IIPEJMCIIOBHE YYEHHKOB

Hcaak Axopnesns Tanatap (19.11.1901-03.09.1964) Tpenmerso oTHOCHI-
¢ K MaTeMaTEke. Ero mpexioHneHue 1pes KJIACCHKAME MATeMATHKHE ORLIO
BCKPEBHAM M 38DA3HTENLHEM. BOT OH MPOU3BOARET HA A0CKe NpeobpasoBa-
HRe H BOPYT H8XOOHT HEOXHIAHHYIO, KPACHBYIO HOACTRHOBKY — H HCKpPEH-
HSSl PHIOCTL BBAEPIMBAET €Te yCH. Brnegarnenue, wro oH ¢Hesal HAYIHOE
OoTKpHTHE!

Mano XTo H3 MIKOABHEKOP IOJ03PEBALT, IT0 MATEMATHKH-TEOMETPRE 38~
HEMAIOTCE He BIIONHEe TeM, ITO NPENCAAIOT B INKOJe, H YTO MEIHAHH, YITIR
H OKPYKHOCTH — BTO JIHIIL YACTHHE IPHMEPH 00X 062€KT0B, KOTOPRIMI
3AHEMaeTCE HAYKA MATeMATHKA.

H TonbKO HeXOTODEIE Y3HAIOT, YTO KACAHNA, MENMAHE M YIAIH COXPaHA-
10Tcs He TONBKO MPH nepeHoce B MoBOPOTe, HO H HPH FOMOTETHH H UHBED-
cun. OkespIsaeTed, Bee Napaboasl, runepGoIE M SIIMIICH — POACTBeHHUKH
H MOTYT CIHTATECH OKPYKHOCTAMH.

H Bee-Taku 3araxoif 0CTASTCH, TOIEMY 9TO TAK, KAKHe ¢BOHCTBA anreb-
pamueck¥x ¢opMyn ofbeIHAAIOT CTOML PASIHTHHES MeCMeTpHRYECKHNE OGpa-
au? PaspaswiBaHEe Y3JI0B, B KOTOPhIE <3ARS3ARAIY YPABHCHHH, — STO HH-
TepecHefiman 06a6CTH, NPOHAKHYTL B KOTODYI), MMes NMIKOAbHEES 3HAHHT,
EBEBO3MOKEO,

Hcaak HxoBrepry ACKAT TIOAXONH K BBEACHHKO B «IMKOJBHYIOP MATEMA-
THKY METO0B <HACTOZIMEH» MATEMATHKH.

Mz, ero ySeHdky, RCORTAIM O0ASHHe METOIMKH €r0 LPEIOJABaHAS, Ia-
10meft TOEAMAHHE 38KOHOMEDHOCTEH M cBazell MATEMATHIGCKIX O0BOKTOSR,
HE3ABHCHMO OT TOTC, K8K Aajieko cobmpaerca 3aliTH y4YeHUK B OCBOCHHH
<LAPHIBI HAYK?,

IlepeBox 0AROTO reOMeTPHIECKOTO 06pasa B ApyToft H BMuanRe yTolt one-
PADMH Ha MpeAcTanNeHne PYHKINN ORA3ANOCH OOCTYMHKM A TOJIKOBOIO
HIKOABHEKS, DTH 38KOHOMEPHOCTH OTKPHLAY OKHO B OrDOMHGIN MHpP MaTe-
MATPKE JJIF COTEH YICHHKOE 3aMEIATEHHOIO YIATEN.

Kak u Beakas rayboxad TBODYecKas paloTa, 9T KHHIS HE yCTapess
H Oyfer OTAMYERM nocobueM mia yumTeleit, HO OHS JMIIL BBe/IeEHE B Me-



6 YPOKH TAHATAPA. [IPETVUCICOBHE YYEHHKOB

TOAK, KOTOPSIE YCTAHABABAIOT CBAZM MEKAY SAeMEHTAPHEMY O0LeKTAMY,
OHAKO Ha 9TOH OCHOBE CTPORTCA BCA MATEMATHKA.

Yuenuxu 1964 zoda ewnycxa 9-11 «3» muaccs wxoan N 2
(woine — Jhuyes «Bmopas umona»): E. A. peberiox (Maaxo-
a0}, E. III. Heaesa (Posengesvd), J. [. Kabaon, A. A. Kopobos,
B. 0. Maxapeeuv, JI. A. Hauxoea (Myzunas), I @. Pomauienso
(Babomuna), A. B. Cyrawoe, B. B. Xavamypan, A. B. Jurosu-
wu, B. . Illerscs, B. A. Illoxun.



IPEJIHC/IOBHE

Tpebopanna rayboKoro BHEAPeHns B MKOAbHEIR Kype MATEMSTHKE NO-
HATHS yHKOME H €6 TEOMETPUYECKOro NPEACTABICHA CTAMH cetiaac obme-
UPHIHAHANME H WMHpoKo m3pecTAniviA. [lorsTHa yEkmmm ¥ ee rpadmka
JOJDKHEI CTATH AJIA YIMIAXCH CTAPIIAX KIACCOB CTOMb K€ [IPHBLITEBIMH,
K&K, HAIIpHMeD, NousuTHe ypabieHus, He MeHbIIee 3HAYEHHE B COBPEMEHHOM
IPeNOIABAHKEH IeOMETPHEA OOJKHA HMeTh Hies IeOMEerpHIecKoro npeobpa-
30BAHAA IUTOCKOCTH.

B ympesKHEeHHAX, CBA3AHHHX ¢ MeOMETPHYECKHME TpeoOpasoBaHRIMH
rpacdhrro GyHKIMN, YEATHO COYETACTCH HAEH TOYETHOrO FreOMETPHIECKOrO
1peofpa3oBaHAs MIOCKOCTH G HIgeell rpadmreckoro Hzobpaxerns dbyrxmmii,
Onxaxo TakHe YOpaKHEeAHsS B cymecTsywomedt yaebaoii ¥ yuebno-meronu-
9ecKOH JIATEPATYpe BCTPEYAIOTCH PElIKC, OHH He CHCTEMATHIHDOBAHH K He
ofpomueenn o6mmMa maessar. Kpome Toro, sEauuTensHAT 9aCTE yOa@Te-
Jeff U3 32 OTCYTCTBHS COOTBETCTBYIONMICH JHTEPATYDREI MAJO O3HAKGMJICHS
¢ TEOPeTHYeCKEMH OCHOBAHWAME HpocTelimmx npeolpazosanmit rpadmxos
¢yaxougit. HecTosias Kuars NpeHa3HadeHs A 38N0JHEEAS YTOIO Opo-
Bena B Hamell yueOHO-METOIHYECKON JINTEPATYPE.

O3HAKOMHBIIHCE ¢ COZEPYKAHAEM KHIUTH, YATATEAL OOHAPYAHIT, YTO TPa-
¢Er ompolt u Toll e PYEKIHM YACTO MOXKET PACCMATPUBATHCA KAK pe-
SIYMLTAT PA3JIATHAIX [EOMETPMYECKHX Ipeobpasopanuil rpadEKa HeKoTOpO#
uexonuoilt dbysxknmpu. B page caydaes, Ho He Bceria, B KHHIe YKARLIBAIOT-
CS PasAHYHHE COocobhl NOCTpoeHms: IPapHKOE ool H Tol e yHKIHMH
B 383BACHMOCTH OT TOYKH 3PEHHH, ¢ KOTOpoi OHA pACCMATDPHBALTCS,

OrpeanueBEHHE ofbeM KHHTY HE NO3BOJHI PACCMOTPETE PAX BONPOCOE,
HAIPAIIEBAIOIHXCA MPH O2HAKOMICHNE ¢ €¢ COAepkangeM. TaK, HanpaMep,
He paccMOTpeHs: rpacpuka ypapHeHuft BEIA

f(%sy)=0s f(xai')=0’ f(lxhy):[) HT A

He paccMOTPEHBl TAKKE NPHMEHCHHE T€OMETDHYECKAX TPeobpa3oBammis
rpachukos pyEKIME A1a rpacpEYEcKOro pemeHns YpPaBHeHM H Apyrue
BOLPOCH. JTH BOOPOCH NPEACTABAIIOT GJATCAAPHEIN MATEPHAN A CAMO-
crogaTesHol paboTH YuTaTENS.
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OcHOBHBIM cogepXaHHeM KHWTH sBAMIOTCS adPraAbIe Mpeobpa3oBaHus
rpaduxos, B faxe He Bee adPpunHbe npeobpazosanns, & LIABHHM 06pa3oM
CHMMETDHA H IapaJulesHnle ¢apura. HMenro otr npeobpasosanusa JOMKHEL
HARTH MeCTO B MPENOJABAHHHA B cpejpedt nikoie. COOTBETCTBYIOMAN YaCTh
KHHETH HAIHCAHA [09TOMY ¢ Gosbme#t nommoTott (§ 1-15). Ocrambaas gacTh
KHHCH MOXET HaliTy IpUMeHeHHE B KPYJKKOBBIX 2AHATHNX. B memoM Ke
KHHTS, IpeciezyeT 0Opa30BaTeIbHYID OETh,

Asnasnce nepsoit U3 paboT, NOCBAMEHALIX BONPOCAM PEOMETPHIECKHX
npeobpasopanuli rpaduros GYHKIME, Kaura, KORETHO, #E ¢BOGOIHA OT He-
JOCTATKOB.

Aemop



BBEIFHHE
Ofmme cBeAenna o rpadBkax byuxmit 1 rpadeExax ypapneswit

¢ ABYMS HeRIDECTHRIME

Tpadnxom byuxuma y = f(2) Ha3LEAIOT, KAK H3BECTHO, MHOKECTBO TO-
9ex (reOMETPHYECKoe MECTO TOYEK) KOOPAMHATHOH MJIOCKOCTH, KOOPAHHA-
TH KOTOPHX £ E ¥ SBISIOTCS COOTBETCTEYIOIMMHE JPYT ApYTY 3HAYCHAIMY
aprymenTa ¢ ¥ $yskimn y = f(z). Jna Gyuxouli aefcTBHTEILEOTO apry-
MEHTA, PACCMATPHBAEMEIX B AAJAbHefINeM, IPAHATO ONpeleseHEe, B CHIY
KOTOPOT0 KAXKIOMy 3HAYEHHIO APryMeHTa 2 {KOHEWHO, U3 06aacTH ompeae-
Jepns GyHKOEA) COOTBETCTBYET eAHHCTBEHROE 3HaNeHRe ¢yrkuuu. [Toaro-
My mobas npaMasi, napaieJbHAS OCH OPIAHAT, MOXKET HMETEH ¢ rpadHKoM
byuxnmm He Gonee yeMm omay ofmyio Touky. B npoTHBHOM CIyuae ORA3a-
JIOCh GEL, 9T0 HEKOTOPOMY SHAYCHHRKD apIyMeHTA £ COOTBeTCTBYeT Gonee dem
OJIRO 3HAYCHHE DHYHEKIHME, 910 HPOTHBOPeMHNO Gn1 oupeagrenuo pyHKIUH.

Pemenuey ypapHenns ¢ OBYMs HEM3BECTHHIMH ¥ M { HA3HBAETCA NTAPA
quees (2o, Yo), IVICTAHOBKA KOTOPHIX BMECTO & H ¥ B YDaBHeHHE 00pamaeT
nocneHee B YMCA0Boe ToxAecTBo. Kaxmott mape wncen (g, yo) MOXKHO HO-
CTABETH B COOTBETCTBEE TOUYKY KOODIWHATHOM IIOCKOCTH ¢ KOOPIHHATAME
(x0, yo); TAKEM 06pazoM, KAKAOMY PEIIEHEIO YPABHEHHS ¢ JIBYMs. HeH3BECT-
HEIMH MOXRHO HOCTABUTE B COOTBETCTBHE TOUKY KOODIAMHATHON IIOCKOCTH.

MuoxecTBO TaREX TOUeK (peMenui ypaBHeHN:) HasKBaeTCA rpaduroM
ypaeuerns. Jing rpacduks ypaBHeHHS He MMEET MECTA IPABIIO, YCTAHOB-
JNeHHOE Bme 118 rpadaros yHKOp, HMeRHO: HPAMEA, TAPAJLICALHAA OCH
OPOHHAT, MOJKET NepeceKaTh rpadhek ypaprenns Gojee dem B ouuol TOYKe.

YuTaTe/h JIETKO ECIIOMHHT XOPOIIC H3BECTHOE YDABHEHRHE OKPYKHOCTH
¢ IEHTPOM B HATAJe KOODIAHAT H PaJMYCOM, DABHHIM r. DTo ypABHCHHE

HMEeT BHI
:c2+y9=r2.

MMpaMeie, napaniensabEe 0CA OpHMHAT (X = @) M AOCTATOYHO GIIM3KHe
k He#t (|a| < r), nepecexawT rpadEK ypaBHeHM: (OKPYKHOCTB) B IBYX
TOYKAX.

JeficrbrressHo, Beap YPABHEHNE C ABYMS HEH3BECTHRIMH & H Y MOXKHO
PACCMABTDHBATE Kak 3aliaHne (QYHKIER § B HeABHOM BHme. ITo0HL mouy-
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|

Pue. 1

umTh Y KAK APHYI $YEKIMIO DepemeHHoff 2, HANO PelIMTh YPARBEEeHHe OT-
HOCHTEJILHO §f. B mpHBefieHHOM NpuMepe MEI NOJMYYMM Jape yHKnue ana y:
‘y=\/;5—m2 H y=—\/r§ — 2. I'pacduxoM nepeol M3 HAX CAYKHUT NOJY-
OKPYKHOCTL, PACTIONOEHAAS Ha] oChi0 abeiee, rpadukoM eTopoit — no-
JYOKPYXHOCTD, PACTIOJIOREHHAA [0A ockIo abcomee (¢M. prc. 1).

YpaeaeHREEM ¢ OByMS HERMSBECTHRIME MOXKeT ObITh 3818HO GeckoHevHOe
- mHOoxKecTBO byHxmufl. Haupumep, ypapaenuem ¢ — tgy = 0 onpezengercsa
fGeckoHegHOe MHOXKECTBO GyaxINU BRIA

y = arctge,
y=arctgxr 4+,
y =arctgxz + 27,

............

Jhwbaa npsaMas, NSPAIIETEHAa OCH OPAKHAT, HMeeT ¢ rpadhuKOM YPaB-
HeAus z — tgy = 0 GeckoHeuHOe MAOXKECTBO OOIIMX ToUeK {cM. pHC. 2).

B npreefeEHMX BHING IPHMEPAX PACCMATPHBAJIKCE YPaBHEeHHMH, JOIIYC-
KABLIHE BHAeNEHHe ¥ KaK asHON ynxkumuy nepeMennosi . OaHaKo 510 He
Bceras Bosmozkao. HamprMmep, ona ypasHeRUS ¢ + co8y + 2 = 0 HeBO3MOMK-
HO MDEACTABJIeHNe § B Bume smHOlt dyHkimeE nepemennoff @, Ho rpaduk
dynxmum cymecrsyer (cM. puc. 14), H MOXKHO PACCMATPHBATH CBOHCTEA Ta-
xoro rpacdhuka, ero pasinuyEse NpesbpaA30OBAHAS,

Besikoe ypakHeEme ¢ OByMsi HEH3BeCTHEIMH £ H j MOXKHO NPHEECTH
x BEay B(T,y) = 0 (mepeHecTH BCE WICHH YDOBEEHAA B NEBYIO T4CTD).

Xora B gabHelleM pacCMATDEBAIOTCH mpeoOpazoBanns rpaduKoB
¢Gynxopti, HO TOAYIAEMEIe PE3YNBTATH NPHEMEHAMB H K rpeduxam ypap-
HEHMIT,
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y=arctgx +

L

_r
—94 2
y=arctgz—1r/

Puc. 2

Hanpumep, yeranopue, aro rpaduxn geyx dynxuuk f(x) 1 f(—2) cam-
METPHYHE OTHOCHTENBHO OCH OPAMHAT, MBI MOXEM CYHTATh, YTO IpatbuKn
Ipyx ypasregu#t 8(x,y) =0 u ®(—z,y) =0 TaKKe CHMMOTDHIHH OTHO-
CHTEJbHO OCH OPOUHAT, AJM YCTAHOBHS, 910 Ipahrk dymxmumu kf(x) ecrs
PSBYIBTAT HEKOTOPOTO CXKATHA-pacTsokerus rpaduxa f(z) x ocu abemuce,
MEL TeM CSMBIM YCTAHOBEM, 9TO rpaduk ypapHerns $(z, ky) = 0 ectd pe-
SYNLTAT TAKOTO e CXKATHS-PACTIReHHa rpadrks ypasHeuna ®(z,y) =0

K ocm aGcimce.



I'TABA 1
OCEBAY 1 HEHTPAJIbHA Y CHMMETPHA

§1. Cvuerpus orHOCHYENBEO OcH opAEHat. paduxe dbymcayait
f(x) m f(—=)

Ecym ge Touxa M (s, y) 1 Mi(x1, 1) CHMMETPHIHEI OTHOCHTENLHO OCH
OpIEHAT, TO, OSEBHIHO, y =1 H & + 21 =0 (puc. 3). Ouesugno, cupa-
BeJTHBO M 0OPaTHOe YTBEDXKACHNS: eCciA KOOPAMHATH AByx Touek M(z,y)
¥ Mi(%1,%1) YOOBIETBOPAIOT COOTHOMEHEAM Y = §1 H & + £ = 0, TO TOUKH
M n M} cHMMeTPEUYHE! OTHOCHTEHHO OCH OPAHHAT. STH MPOCTHie coob-
PaKkeHHA MO3BOJIAIOT YCTAHOBHTD Bup, rpaduka byakaoun y = f(~z), ecin
rpacdux Gymxman f(z) sanas.

yT
Ml(mh m) M(:B,y)
o1 0 z T
x +x1 = 0}
¥y=mhn
Puc. 3

Ha puc. 4 msobpacker rpaduk rekoTopoi dynxman f(xz). Touxa Mz, y)
¢ KOOPANHATAMA & ¥ § NpHBAIJIEKET 3TOMY Ipaduky. I'padukxy bynxnmas
F(—x) pomxua npEEsIEARATL TOIKA My ¢ Takoll ke opauHaTodt y u abc-
muceolt ¢, ecma f(—21) = f(2), T. e. e —x) =z, BB T+ 2 =0.

Kax 6610 yoranoeneso, ase takue T09k M 1 M) Jomokau GHTD cHM-
METPUYHHE OTHOCHTEILHO OcH opAmHar. (ielloBaTesbHO, XexKAO0! Touxe M
rpacduka Gyurupu f(x) cooTBeTcTBYET TOUKS M), CHMMeTpEYHAA TogKe M
OTHOCHTENHHO OCH OPAWHAT ¥ IPHHANIEXKAmAsA rpachuky dyarman f(—x).



§1. CHMMETPHA OTHOCHTEJILHO OCH OPIUHAT 13
¥4

M(z1,3) 2 o, M(z,y)
) ¥ = flz)

y =2

21/
-3 ~__ /101 I\_/ 38 7%

Puc. 4

Taxms 06pasoM, epagdur dyrxyun f{—) cummempuyen epagury Pynx-
yuu f(x) omnocumeavro ocu opduram (cM. puc. 4).

Kak mspecTno, bynxnua f(x) Hasnmaercsa Jernodt, ecm f(—z) = f(z),
oowroMy ana rpacdura verHo#t GYHKIEM 0Ch OPAHHAT CIYXKHT GCHIO CHM-
METPHH.

Xopomo H3BeCTHHIMH OpMMepaM A3 MKOJILHOPO KYPCS MATEMATHKH
CIyKaT TPAbHKE YeTHHX (yHKumi:

1) y =22 (uapaboma, cM. puc. 5),

yl
4¢

i 2 3 £z
flz) =22,

[ f(~2) = (~2)* = 2* = f()

Puc. 5
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2) y = cosz (kocumycouna, cM. puc. 6).

f(z) = cosz,

F(~2) = cos(~z) = cos(z) = f(x)

Pnc. 6

Ha puc. 7-13 npmBenern rpacdrxe GyHkumt f(—2) ANA HEKOTOPHX
GyBxIpl, PACCMATPHBAEMEIX B IKOJLHOM KYPCe MATEMATHMKH.

/ f(x) =,
fl-z)= =

Puc. 7
Jna rpadBEKoB ypabHeHUH ME HOAyYaeM cedylolnee IPARHAO: 2padurs

ypasnenud f(2,9) =0 u f(—,y) =0 cummempuntn OMHOCUMEALHO OCU
opduriam (CM., HATIpEMeED, pHC. 14).



§1. CHMMETPUS OTHOCHUTEJIbHO OCH OPIUHAT

™ =1
feay=-3

Prc. 1)



16 IVI. 1. OCEBAA ¥ LEHTPAJIbHAA CHMMETPHS

L4
29
y = logy(—2) y=logyz
-~
1 //

&

29 -1\ O] /71 3% 3
/

B/ fz)=log,a,
/' F(~2) = logy(—2)

f(~=) =sin(-z)
Puc. 12
yJ
24 y= a'“mtg(_x)

T2 1 o 1 % =
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y+cosy+z=0 9 y+eosy—z=0
3
/7
2¢

o =2
Puc. 14
Vnpaxaeaua
ITocTpottre rpacpaxn dyaxmuit.
10 y = 2_2-
2. y=tg(—=x).
8. y=ctg(—2).

4. y = arcsin(—z).
5. y = arccos(—x).
8. y = arctg(—z).

§2. Cinoserpas oraOCETENEEO OcH abcmmce. Fpadaxa dymxnmit
f(x) m —f(z)

Ecnu qee Touxs M(z,y) 1 Mi{%1,y1) CHMMOTDEYHE! OTHOCHTEHLHO OCH
abermee (eM. puc. 15), To

r==&, y=-—-Hh.

Quepanao # o6paTHOe yTBepKIeHHe: eClM KOODAHMEATRI ABYX TOYEK
M(z,y) 1 My(x1, 1) YAOBIETBOPAKXT YCIOBAAM

r=x1, Y=-t,

10 Toukn M u M) CHMMETPEYHE OTHOCHTEILHO OCH afcimee.
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yl
M(z,9)

o
Ly

T =T,
&
y+tyn =10 My(z3,1)

Puc. 15

Tloasromy zpagury Pynwuud f(x) u —F(2) cummempunns omnocumess-
1o ocu abcyuce (cM. pae. 16).

IIpumensa Ty TeopeMy K rpapukaM ypapHEHHN, ITONYSHM cleaylomee
mpasnio: 2peghuny ypaerenutt f(x,y) =0 u f(z, ~y) =0 cummempunnn
omuocumenarto ocy abcyuce.

y.il

2'/\/
/| y= (@)

g
k.
Q
i
oy
e
-
L3

Puc. 16

Ha pue. 17 npueemes npuMep NoCTpOeHEd rpadHEA ypPaBHEHHS
—~y+ cosy — o = (} KAk Kpmeoli, cEMMerpEuHOf rpacdEKy ypaBHCHHA
9 + cosy — = = 0 oTROCHTENBHO OcH abemuce.

I'padnx byarnpn He MOXKeT OHTH CHMMETPHYEH OTHOCHTENBHO OCH alc-
muce (9T0 03HauAN0 Onl, 9TO KAXKAOMY SHAYEHHMIO APTYMEHTA & COOTBET-



§2. CHMMETPHSA OTHOCHTEJ/ILHO OCH ABCHACC 19

CTBYIOT JBa 3HA4CHAS QYHKUMH: ¢ H —Y, YTO DPOTHBOPEUHT OMDEACTIeHMIO

Gynxmam).
4 y+cosy—x=10
3¢ s
—y+cosy—z=0 ;f
2f |
i
1 E
3 -2 -1 0| - 3 3 ¢
f(,y) =y +cosy—z, rd
fle,~y) = ~y+cosy—z -1
r’/
._.-" ’ —24
-3

-1+
~29 f(x?y) =y2"'$9
f(ms _y) = y2 -X
Pnec. 18 -

I'pacduk ypasHeHns MoXeT GHITL CHMMETPHYEH OTHOCHTENBRHO OCH abc-
uuec, ecne f(z,y) = f(z, —y). Hanpumep, rpacdux ypapuenns y* — z =0
(cv. pme. 18) cuMMeTpHYEH OTHOCHTENBRO OCH abcmpcc, moroMy 9To
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¥ —x = (—y)? —x. OpyruM HpHMEPOM CJIYXKHT PACCMOTPEHHBIN BHIINe
rpacux ypapuennst x2 4y =12 (cM. puc. 1). Ha pue. 19-23 npusenenst
rpad KA HeKOTOPHX H3YISEMEIX B mkoje dbyRkuuft.

Yy
2 /
=—-2z+1 fy=20-1
¥ ) /
21 o N1 2 %
fz)=22-1,

—fo' -fx)=-2c+1

/s
Puc. 19

ydl

'.\ 2 / 2

.\7 y=z —2z2-1

“TATo x
y=-a2+4+2x+1 "1\'\ /

_2 L
fle)=22-22~-1,
~f(@) = —a® + 20 +1
Puc. 20

Kaxayo ms byt y = —g 1 gy = —-i MOXHO PACCMATPHBATL H KAK
f(—x), 1 xax —f(zx). IosTomy ux rpadbuxu (cM. prc. 7 1 10) cHMMeTPHYHEL
KAK OTHOCHTEJILHO OCH abCImECe, TAK M OTHOCHTE/IBEO OCH ODIEHAT (CM. CO-

OTBeTCTBEHHO TpaduKH pyHKImN y=mny=:?).



§2. CMMMETPHA OTHOCHUTE/ILHO OCH ABCIIHCC

=

-1 0 2 3 4 T
1
-1 =_ = =
;; 7 logyz 10823
{
-2 ,:'f(*‘)=1°32$-
: 1
"f(x)=—1°823=10sg;=logiz
Pnc. 21
v
2
Y= —co8T

7(a) = cos,
Lo} ~SE)=—oz

—2¢ f(z) = arcsinz,
—f({z) = —arcsing

Puc. 23

21
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Vopaxaenua
Hocrpoiite rpacgarn dbynkmi.
7. y=—22,
8. y=—sing.
9. y=—tgom.
10, y = —ctg o,

11. y = — arceos T,
12, y = —arctgz.

13, y = —arccigz.
14, y = —2%,

§3. CaMMeTpRE 0THOCHTEAbHO TpaMoll, IapasnensBoll ocn abcnpce.
I'paduxa pynxmpdt f(z) x a — f(z)

Ecau ase roukn M(z, y) 1 Mi (21, 1) CUMMETPHYHB OTHOCHTE/IBHO ITPH-

Moli ¢ = b, mapannensuoll ocu abemuee, To, KAK BEAHO Ha PHE. 24, TOIKHE
BHIIOJIEATHCH YCIAOBAA

z=x, th—-b=b-1y.
Bropoe ycnoeue Moxer Burrs samEcano B Byie ¥ + y = 2b. Owennn-

HO, CIPABEIIARC M 00paTHOe YTREPKICHNE: eCH KOODIMHATH ABYX TOHUEK
M(z,y) 1 M;(x1, 1) YAOBIETBOPAIOT YCIOBHAM

z=21, y+y=2b

70 Touku M B M) CHMMeTPHYHE OTHOCHTENBHO NpsMolt ¢ = b.

Y1 Mi(z1, 1)

LT
I

M(zay)
0O z
" — b{1 Mi(z1,11)

b—‘y r=x,
M(z,y) v+ =2b




§3. TPAOHKH OYHKIIMY f(z) M a — f(z) 23

ChopMymEpOBaBHBIE BHINE B3ANMHO OGPATHEIE TeOPEMbl BEPHBL TPH /10~
GoM 3HaeHMA b, KaK MONOKHATEIEHOM, TAK H OTPHUATENEHOM (cu. pHc. 24).
Hpu b= D ameeT MeCTO CHMMETDH: OTHOCHTeNILHO ocH abemmee (y + ¢y =
=0, @ y = —1), paccMorpenrad B § 2. Takum o6pasoM, MBI TPEXOIUM
K clenyomeMy yTeepmaenuio: epeunu dyneuutt f(z) u a — fx) cus-
MEMPUNHB OMHOCUMEADRO TPAMOL Y = g (cm. pre. 25).

Y4
. vff(w)
21/ \\ !‘.
/
Al S y=g
o2 A\ . 2 3
“L__,-’-l\o\j/\ 5
—19

Puc. 25

21 A0 [ e\ 3 8
. fe) =z,
a—f(z)=2—-=

Puc. 26

Huke DpEBOJATCH NpAMEPH NPHAMEHEHMS 9TOTO  YTBEDIKACHHS
{cM. puc. 26-30).

Jpyras Touxs 3peEma Ha mocrpoerMe rpaduxa dymkinm a — f(z)
Gyaoer npueezena B § 9. s rpaduxos ypaBHeHHi), KaK HETPYAHO OHSATE,
MH UOMY9aeM CAeIyloImee NOpaBwno: zpaduwu ypasneﬂuﬁa flz, ) =0

v f(x, 6 — y) =0 cummempund OMHOCUMEADHO NPAMOYT Y = 3
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Npumep: rpaduxa ypasmemu#t t — > =0 w ¢ -~ (a — )2 =0
(om. puc. 31).

91‘ 22

Pmc. 28



§3. TPAOHUKH CYHKIIHUA f(z} H a — f(z) 25

y=2—arcsing 4¥

-IL f(z) = arcsinz,
i a - f(z) =2 —arcsinz
Puc. 30
4 z-(1-yP=0

Ty =0
e ¥

\// "
——

-2 f{2,9)=2—92sm.
fal-p)=z-(1-9)
Puc. 31

ba| -

L3 |
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Vopaxkaenns

Ilocrpoiire rpacduxn pyarumt.
15. y=3 —sinz.

16, y = —1 — arccosz.
IocTpotire rpacdHr ypaEAEHHA.
17. 22 + (1 —y)? =4.

§4. Cyserpus orHOCHTE RO HpEMoli, napannemsBolt ock opmanaT.
T'padpexu ¢pysxned f(x) v f(a — )

Ecmu ape Touku M(z, y) & My(21, 1) cCHMMeTPHYHBL OTHOCHTEIBHO IPS-
Moft ¥ = b, nmapannemsaoll ocu opapHar, To (eM. puc. 32)

b—zy=2-b, y=m,

z+xr=2b, y=uy.

CnpaBem;IMBO, KAK J€rK0 3aMeTHTh, H OOpPATHOE YTBEPKICHHUE: eCIM KO~
OPAMHATH 1Byx To4ek M(z,y) m M) (z1,y1) yAOBAETBOPAOT YCIOBRAM

3+$1=2b’ y=1w,
TO 9TH TOUKH CUMMETPHIHE! OTHOCHTE/BEO IpaMoill & = b.
L

z=b

x4+ =2h
v=0n
Pre. 32

Ha ocropanuH ¢hOpPMYTAPOBAHHLI BHINE TEOPEM MOIKHO YCTAHOBHTL
Buz rpatdaxa dyrkman f(a — ), ecms rpadnk dyaxupu f(z) sazas. [Tycts



§4. TPAOMKH OYHKUME f(z) ¥ f{a - z) 27
v y = f(z)
/1 \\..

y=fle~z)

— o -
i‘m.,.// o @ \_/ £

N

2=
2

Pumc. 33

T0uKka M(z,y) npunagnexcrr rpaduxy dymxmem f(z). I'paduxy dyakmmm
f(a — z) AomxHe HpHHALIERATD TOUKA M) ¢ Taxoil xe oparHATOH ¥ H abC-
muccolt x), et fla - 21)=f(2), . e. ecom @ — 21 =z, W T + 2 = a.
Ho penp 3T0 eCTH YCIOBAEE CHMMETPHIHOCTH ToueK M u My oTHOCHTEILEO
npsamMolt & = 3 Hame paccyxneHue npmdennmo K aoboli Touxe rpaduxa
dynxym f(x), NOSTOMY MBI IPAXONEM K CCAYIOMEMY IPABHY: 2pagunt
Pynwyuts f(2) u flo — &) cummempussin omuocumetsro npamott T = 3
(cm. prc. 33).

Tipueenem HeCKONEKO NPUMEPOB NOCTPOCHHS TpaduxoB GyEKIHE
fla—z) (cu. pre. 34-38).
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yu _ = 2_ 2
.. 4 r=1 | y=(2-1x)
\ ]
"..‘ 3e
' |
\,\ 2w
\\ 14
BN .
-2 -1 0O 3
f(@) = *,
fle-z)=(2-2)
Prc. 35
m___l U4
y=logy(—1—2=) 21 v=£°82$
1¢ /
73 2\ 1.0 71 % 3%
~1t / Fx) = logz ,
N fla—z) =logy(~1 - z)
i
Puc. 36

SaMeTuM, uTe rpadEK YEKUEHR ¥ = 2 — & MOKHO PACCMATDHABATH
¢ ABYX TOYEK 3peHHAs: BO-NEPBHX, Kak rpadux dynkmmt ¢ — f(z), ecm
f(z) = x {Tax on 6uu1 mocrpoer Ha puc. 26), & BO-BTOPEIX — XaK rpadHK
bynxmpm f(a - z), vae f(x) == (Torzs MH monywuM ®TOT rpaduK Kak
NpAMYIO, CHMMETDHYHYI0 OPEMON §f = & OTHOCHTEJIbHC OCH CHMMETDHA
2 =1; em. prc. 26).

JIpyras Touks 3perus Ha nocTpoenue rpabmxon dbynkmuht fe — x) Gy-
JeT u3JI0%kKeHs B § 8.



§4. TPAOUKH SYHKIUMA f(z) U f(o — z)

ydl
2¢

B =

y = sin{l — z) 4 e Y =sin
38 /\\< >\ N
1 2 3Nz

N

f(x) =sinz,
fla—z) =sin(l ~ )

= arceos
11 v z
3 3 110 1 % %
14 f(z) = arccosz,
f(e — &) = arccos(—1 —
Puc. 38
y 1
2 P
B4y?=1 1 (-2 +y =
e 3\
i 3
~13 1 2 -

f(:c,y)=a:z+y=—1,

fa-zy) =0 -2+ -1

Prc. 39
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Jna rpachuKoE ypaBHeHMHE ME OOTY4AEeM CAEYIONee NPABIIID: 2padu-
xu ypaswenutt f(z,y) =0 u fla — z,y) =0 cummempuuns omrocumessso
npasmoli © = -g—.

Hpuamep: rpadmn ypapemmht 22 +¢y?=1u (1-z)2 +¢2 =1
(em. puc. 39). '

Vopaxuaenas

Iocrpoiire rpadpuxn pysximmt.
18. y =277

19. y =tg(l — z).

20, y = arcsin(~-2 - x).
Tlocrpoitre rpadik ypapaeHs.
21, +z-1=0.

§5. HenTpansHag cHMMeTPEY OTHOCETENHO HATUIA KOODIFHAT
I'padexe dymemuit f(z) n —f(—x)

Ecme ape Touxu M(z,y) u Mi(x1, 1) CHMMETPEIHEI OTHOCHTEILHO Ha-
qasia koopamear (cM. pmc. 40), TO MX KOODAMHATHI, KAK ITO CJAEAYeT U3
onpenesieEMsl NEATPAJIFHO] cCUMMeTDAN M BUAHO Ha puc. 40, ynosmeTsopd-
10T COOTHOIMECHAAM

=¥ ¥y=-h

yl
Mz, y)
8) -
// T=—X1,
‘c'
¥y=—-ih
Mi(z1,4n)
Pac. 40

Cupaseiymuzo 1 o6parHoe yTBep)KAEHHe, T. €. €CIN KOODIHHATH JBYX
Tovex M(z,y) m M)(21,y1) CBA3aHB COOTHOMCHAAMU

r=-r1, ¥=-t,



§5. CHMMETPHSA GTHOCHTEABHO HAYAJIA KOOPAHHAT 31

TO ToukE M B M| HeHTPANLHO-CHMMETPEYHH OTHOCHTEIBHO HAYAIA KOOD-
JOHHAT. : '

yu
= flzx
ol e y= f(2)
.~
01 \\.‘//
NT2o JARN -
-3 \\_ /—1 0 1 2\ 3 x
—19
—f(—=)
+—2
Puc. 41
v=2z+1
7
7
Y= 2z —1
=2 i 3 =

-1 f(.’.!?) =2z-1,
,«"f —f(~2)=—(2(-x) - 1) =2z +1

Puc. 42

Ha ocroBaHB® 9TOTO paccyKAeHHN JEIKO YCTAHOBHTD, UTO €CHH KAKAT-
mubo Touxa M(z,y) mpunsgnexsr rpaduky dysenmur f(x), To TOUKa
M;(—z, —y), DEeHTPAIBHO-CHMMETPIIHAS €ff OTHOCHTeNBEO HAYANA KOOD-
JUBAT, JOJKHA NPHEAINCKATS rpadnky bynxmm — f(—zx).

Mu npaxoguM K cnenyiomedt Teopeme: epaduxu Pynmyuid f(x)
U —~ f{—T) YCHMPAADHO-CUMMEMPUNKY OTMHOCUMEALHO HAYAAG KO0PIUNAM
{cM. puc. 41).
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Ecan Gynxims f(z) neverss, T. e. f(—xz) = —f(z), wm f(z) = —f(~z),
TO ee rpad K DEHTPAILHO~-CHMMETPHYEH OTHOCHTENIBHO HAYAIS xoopma'lr;
TAKOBLI, HaNpuMep, rpaduku byHkunh y = z; y =sinz; y=tgz; y=_.

NpupemeM HECKOJBLKO HNPEMEPOB NOCTpoeHust rpaduxoe — f(—z}
{cm. pmc, 42-45).

¥

/ f(z) = logy =,
=f(-z) = ~logy(~2)

il

Pue. 43

3
f(£)=$2—2$—1,
~fl~z)=—(z*+25-1) =
=z’ -2+1
y=-x*-2r+1
Puc. 44
Adns rpadukop ypapHeHMii DOMYMHM CHAEAyIOmee NpaBEno; 2pedu- -

xu ypaenenust f(z,y) =0 u f(—z,—y) = 0 yeumparono cummempurns
OMHOCUMEADHO HaYaAR Koopdunam (cM. prc. 46).



§5. CHIMMETFPHS OTHOCHTENBLHO HAYAJIA KOOPOMHAT

b
=«
£39

f(va) Uz -
f-z-y) =9 +o
Puc. 46

Yopaxpesns
Hocrpotire rpacduxu GpynKmal.
22 y= 277,
23. y = —arctg(~z).
Ilocrpoitre rpadmk ypasHeHnd.
24. cosy —~ y + £ =0 (cum. puc. 14).



TITABA 2
MAPAJUIEJILHHYA NEPEHOC

§ 6. Iapaanenserili nepenoc BA0ML oca alicmEce,
Tpadmm dpymxomit £(x) u f(z + a)
Ecim xoopaEHATH A8YX Touek M(zx,y) u Mi(x:,11) yrosuaereopsior
YCIIOBHAM
n=z+b =y

TO MOXKHO CHETATH, WI0 TOIKa M) noayueHa nyTeMm mepeHoca Touku M
BIONL IpaMOft, mapasnesmaof ocH abciuce, Ha oTpesok MM, (cuM. puc. 47)
BOpPaBo, ecym b > 0, mm Bieso, ecom b < 0.

yll

My (z1, 1) M(z,y)

M(z,y) Mi(e1,9)

0 z
b<0 b>0
rn=z+b
h=y
Puc. 47

OuepnHO, UTO ecym KaKas-mbo Touxa M(z, y) MA0CKOCTH NepeHeceHa

NSPAJUIENbHO OcH abcipEec Ba orpesok b (b > 0) Bupaso, TO HOBHE KOOPIZ-
HATH (21, 1) NepeneceHnol TOUYKH yAOBAETBOPAIOT COOTHOINEHHAM

s=x+b pm=y,
H AHANICTHYHO IPH GepeHoce Ha b BAEBO

m=z—-b, mm=w



§6. MAPAJIENIBERI MEPEHOC BAONB OCH ABCITHCC 35

St cooOpadKeHNs] MO3BOJISAIOT YCTAHOBATL BHA rpacduksa (pyHKIHE
f(z+a).

Iycrs kakag-HUOY b T09Ka M, ) npusagnexur rpaduky f(z); Toras
rpacduxy byaxmau f(z + a) JOMKHA NPAHAIIEKAT TOUKa M ¢ Takolt ke
opmEnaTolt m abemaccol #1, ecan f(x; +a) = f(x), T €. ecm 2y +a ==,
HIR & — &= —a.

910 o3HAYBET, 9TO TOUKA M) nosy4yaeTcsa MyTeM MAPAJLIENBHOrO mepe-
HOCa BIONL ocA abcmace Touku M Ha OTpPe30K ¢ BOPABO, €clH a < 0, mimm
BJICBO, ecau a > {.

y=fE+a) y=1()
v

g
|
-
-
1% )
By

~14 y = f(z),
y=flx+a),a>0

Puc. 48

Paccyxnesus, npoeeleEHEE 00 OTHOIIERNIO K Touke M rpadnka Gpynk-
meu f(z), copapeyIMBH NO OTHOMEHHI® K ool Touke sTOro rpaduka,
HOTOMY MBI IPHXOZHM K BHBOZY: 2pagdiux dynxuuy f(z +a) ecmo peayan-
MAM NEpaAteAbHe20 nepenoca epadhura Pynnyun F(2) no nanpasaenuro ocu
abcyuce Ha a edunuy eaceo hpu a > 0 uau na & edunuy enpaso npu a <0
(cm. puc. 48).

ITo oTHOmEHHIO K rpadhHKaM YPasHEHAN TIOXYIHEM CIeIYIOmee MPaBHIIo:
epadrux ypasuenus f(x + a,y) =0 ecmov pesyavmem napoaseavriozo nepe-
xoca zpaghuxa ypasnenunr f(z,y) =0 Ha o edunuiy ese6o, ecau a >0, wau
e 4 eounuy enpaeo, ecau a < 0.

PaccMoTPHIM HOCKONBKO MIPHMEPOB.

T'padux GyHKINE T + 2 MOKHO PACCMATPHBATE KaK rpaduk GbyHKIUR
f(z+a), rme a=2 u f(x) == (cm. puc. 49). On nosyusercs myTeM COOT-
BETCTEYIOHIETO MAPAJIENLHOTO NEPEHOCE MPAMOR §f = 2.

Hixe npueossiTess npyrae NpAMepH OAPAJIIENBHOTO MEpeHoca rpadu-
KoB GyHKumMit BA0AL ocH abcomec (em. pac. 50-55). Ha puc. 56 npescrapnen
TMAPSJUIEILHEE TepeHoC rpaHEKA YPABHEHHS.
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~2

Puc.

=

f(=)==2,
flr+a)=z+2

49

{/

y=(2-2)

2 -1 O 1
f(.‘.':)=:l':,
fez+a)=(x-2°=(2—12)
Pauc. 50
¥4 1
2772
y=cosr 1] y = cos(z — 1)
Ve
-3 -2 /41 /] (&3 .
A ,:/ 5 = . >
----- - —19 \\>

f(z) = cosz,

£z — a) = cos(z —1)

Pue. 51



§6.

IAPANNENBHEN IEPEHOC BOOJIE OCH ABCLINCC

yl

y=2-2

Hz —a) =sin(z — 1)

Puc. 53

y
N y =logz(z +2)
y=l?g3:c
1 /
/ A
—2 /~1 0 /1 2 3 =z
—-14
/ f(x)=l°g:2x1
—2¢ | f(z +a) = logy(z + 2}
H

Puc. 54

3r
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1\\\

\‘I

S T 2
_14  f(@) =arccosz,
fz ~ a) = arccos(z — 1,5)

Pae. 55

f@=2-2 | feta)=g—(@+2)
Puc. 56

Ona geramx dyrxknuit flz —a)= fla— z). IlosToMy rpacdmx
dbysxuuu f(x — @) MOXKHO PaCcCMATPHBATH M KBK DESYJIBTAT NADAJIIETh-
HOTO MePeHOCA HA 6 euEMI, (BIpaBo IpH o > 0) rpaduxa dbyskman f(x),
M K8K DeSYILTAT CHMMETPHE OTHOCHTEILHO OCH % =g rpadaka f(z)
(eM. pue. 50, 51).

Ona sedernamx ¢yaknut f(zx—a)=—F(a — ). Takum 06-
pasoM, rpacduk byskopn f(x — ¢) MOXKHO NMONYIATE B PE3ybTaTe HAPaT-
nensyoro mepenoca rpaduxa ¢yekmae f(r) Ba ¢ eamHEn (BNpaRo OpH
a>> 0), a TaioKe B pe3ysIbTaTe CuMMeTpEn rpadnka Gyrknun f(x) orHOCH-



§7. TAPANNEJBHH IIEPEHOC BAOML OCH OPIUHAT 39

TeAbRo OCH & = -g- H DOCHeRyonmel CAMMETPHE OTHOCATEIBHO OCH afcmuce
{eMm. puc. 52, 53).

Jug byskmmii, He ABNMOIMNXCS HA YETHLIMH, HM HEGeTHRIMM, TAKOS
Jpofinoe TonxoBaRHe rpaduke (T + a) HeBO3MOXKHO (CM. puC, 54, 55).

Yopaxaesus

promf rpaduxa ynrmil.
25, y= P &

26. y =25+2,

27. y = arcsin(z - 2).
ITocrpotire rpabuk ypasreHns.
2. (z+2°+y° =4

§ 7. Ilapannemartll neperoc BEEAL OCK OPIHHEAT.
I'paduxn bynxmen f(x) n f(x) +a
Ecnu x00pAKEaTH EBYX Towek M{x,y) u M; (21, 1) ynosaersopsor yc-
JI0BHSM
n=z HNP=Yy +a,
TO MOMHO CYATATH, YTO TOUKAE M) Mo/yyeHA nyTeM OepeHoca TOYKE M

BAONL TIPEMOll, HIAPAILTENEHON OCH ODANHAT, Ha 0Tpe3ok MM (cM. puc. 57)
BBepX, ecstlk a > 0, wms srms, ecan a < 0.

4 Ml(z,ﬂ)

a>0
M(z,y)

s) Z
r =&,
nh=yte
Puc. 57

Crnpaseymeo n o0paTHOE YTBEPKIECRHUE, HMEHRO: ecmi Touka M(z,y)
nepeHecens BAOID HPAMOL, NAPALIeNLHON OCH OPAWHAT, Ha OTPEIOK G BBEPX
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{a > 0), TO KOODPAMHATH 2,31 NOJYTCHHOM TOUKH YHAOBJICTBOPAIOT COOTHO-
IMeHAAM

T1=2 h=y+a.

Ha ocmOBaHER 9THX PACCYKIEHHH MH 3AKJIOWAEM, 4TO €CJIH KAKAd-
mbyap Toeka M(z,y) npunagnexur rpabuxy oysxmey f(z), To ToUKa
M, (23, 3) domxua npuHagnexaTs rpaduky dyrknun f(z) + ¢, ecmm

=z wn=ytao
TaxuM 06pasoM, zpedhux Pytxyuu y = f(z) + a ecmo pesysvmam nepe-

wocg epaguxa f(z) ne a edunuy seepx, ecan a > 0, uiy na a edunul 6HU3,
ecat ¢ < 0 (cm. pac. 58).

! y=1()
20 N Ve
\ /'{y = f (w) +a

¥ = f(=)
y=Ff(z)+a(a<0)

Prc. 58

3 .
22+ (y-2P%=1
2¢

~1 \\x2+y2=1

o 3 ¢
\‘N_i.,...-"/;(za 1,') = 32 + yz -1,

fla,y+a)=22+(y-2)°* -1
Puc. 59



§7. MMAPAJITEJIEHHA IIEPEHOC BOOAb OCH OPTHHAT 41

Yro6m ycraHopuT: BuA rpacduka ypaesenna f(z,y + a) =0 no ormO-
meHuIio K rpacpuxy ypasHeEua f(z,y) = {), npeAnonoxm, YTO ypaBHeHNEM
f(z,y) = 0 onpenensercs kakas-uubym: byExmus y = @(x) (ypasmeruem
F(z,y) = 0 moxer onpenenaTsca Heckoabko GyHKIUY, 3TOT Ciyust pac-
CMOTpeE Hike), TOrma ypasuenneM f(z,y + a) = 0 onpeaenderca GyHknms
¥+ o= p(z), mm y = o(z) - a.

Ppadux dynkmm () — a, KAK YCTAHOBAEHO BHEIS, 00pasyeTcd Napai-
JIeSTHHBIM NepeHocoM rpaduks GyHKIMN () Ha ¢ eAAHNN BHUS, €CIH & > {,
nr Beepx, ecm a < 0. Ho pesp rpadux Gynxmun (x) copnanaer ¢ rpacdn-
xom ypaenenus f(x,y) =0, nosromy epagdux ypaeserus f(z,y + ¢} =0 ob-
PARIYEMLR BYMEM NAPRAILABNOZO Nepenoca 2padhuxa ypasrenua fz,y) =0
HG @ eOuUNUY 6MU3, ecat ¢ > 0, wau Ha a edunuy asepr, ecau a < 0.

Ecau ypapuerneM f(z,y) = 0 onpegenaiorcs HeCKOJIBKO GyHKIp:

h =(Pl(x)’ TJ2=‘19,2(3)s srey

TO, NPUMEHSA K KaXaoHl #3 HMX NpHBeIEeHHOE BHIIE paccy’KAeHHe,
IpRXOAMM K TOMY K€ 38KIIONEHRIO OTHOCHTEABHO IpadBKa ypapHeHHMA
f(z,y+a) =0 (cm. npumep Ha pHc. 59).

Ha pumc. 52 mzobpaxen rpacdux dyexom y =2 — 2. B § 6 sror rpa-
K paccMATPHBEJICH KAK PEe3YILTAT NAPANNENABHOTO lepeHoca rpaduxa
yHEIEN ¥ = x BAOAL ocH abcauce, Temeps MOXKHO ero paccMOTPETE H KBK
rpacduk dysxuan f(z) + a, ecnn f(z) = z; rorzs rpadux y =2 — 2 no-
JAYU8LTCA MyTeM DAPAUIGILHONO NepeHoca rpaduks ¢y =2 Ha 2 eqMHMIKN
BHH3,

Ha prc. 60 u 61 npeacraBiIeHs NPAMEPH TAPAIIEALHOTO HEPEHOCA TPE~
<eEkor yBEmI BIONE OCH OPIHHAT.

y=sinzr+15

TN

\\-2 1 10 1 3 ~ %
\».._./_/;, #(@) = sinz,

fl®)+a=sinz+15

Puac. 60
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30.y=1_z (y-:—l--—l).

IocTpotire rpaduk ypasHeHAS.
3. {(y—1)2—z=0.

§8. [IapannensErii mePeBEOC BAKE OCH afcIce # CHMMETPHR

OTHOCETENHHO NpaMoit, mapannennnoll ocu

Tpadpuxu pysxmedt f(z) u f(a — )

C rpadnkom dyrrmun f(a ~ x) uBTaTeN: No3HAKOMEVCH B § 4, e Gbuto
YCTSROBJIEHO, YTO 3T0T TPMbEK ecTh pesysbTAT CHMMerpuH rpaduka f(z)
OTHOCHTE/ILHO MPAMOH & = %. Teneps, B CBI3H ¢ BBSACHACM DAPAJLIENLHOTO
IepeHoCs, HMEEeTCR BOBMOMKHOCTD APYrofl TOYKY 3pemus Ha rpaduk dynk-
wen fe —x).

Hipezcrasms f(a — 2) » Bage f(—(z - a)); rpadpux Taxott dymaym
MOXHO [ONYTHTS B PE3Y/ILTATE NAPAIELHONG IepeHoca rpadrxa GyHK-
upn f(x) we o emmemy (BOpaBO MMM BIEBO, B 3BUCHMOCTH OT SHAKA G}
H mocheayomel ciMMerpE# OTHOCHTeNbHC OCH & = a. JelicTsHTembHO,
Beab rpaduxn byrxmudt f(r) n f(—2) cHMMETPEYHBI OTHOCHTEILHO OCH
OpAHHAT, T. €. OTHOCHTENBRO mpsmoit & = (), moaToMy rpacdExm GYHK-
matt f(x — a) u f(~—(x — a)) AOWKHL! OKWTH CUMMETPHIHE OTHOCHTEILHO
upamoft x — a =10, T. e. npamoii ¢ = a.
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C Touku 3peHns yz06cTBa NOCTPOCHAS CNOCOD, HAIOKEHHSI B § 4, cie-
AyeT UPEANOYecTh TOJBKO ITO YKA3AHHOMY CHOCO6Y, IOTOMY YTO B HEPBOM
cay4ae Tpefyerca TONBKO ofEo KpeodpazoBatye (OfHS. 0CEBad CHMMETDHA),
TOrga KaK BO BTOPOM CTydae HyKHBI ABa NPeoBpasoBarus: NApaieibaLItl
HEPeHOC B OCeBAd CHMMETDHS.

Ha prc. 34-38 npencrasnenn rpaduxy bynruak f(a — ). Ilpegnaraem
YHTATETIO yOeIuThCA, YT0 KAX AR H3 BHX MOXKeT BLiTh NoAyyeH B pesyab-
TaTe NAPAJIISIHBOTO MEPEH0CA W CAMMETPEN. B KavecTse IpHMepa IpHBe-
ZeM mocTpoerne rpaduks GyHkupy y = arccos(—1 — z) (puc. 62). Cpasanre
puc. 38 u 62,

y = arccos{z + 1)

\
N\
\
\
y = arccos(—1 —z) N \\y=arccos:.-:
T3 3 -1 1T 2 z
-1 flz) = arccosz,
z=-1 f{a — z) = arccos(—1 — x)
Puc. 62
Vnpaxnaeans

INocTpoftre rpaduxa Gbyrkupil, nzobpaxennwe ua puc. 34, 35, 36, 37
A OpesiceRHNe B ynpaxkuennax 18, 19, 20, cnocoboM, yKa3anHKM B Ha-
cTogmeM naparpade.

§9. Hapannemsemfl reperoc Bapan 0CH OPJMEAT B CHMMETPHRS
QTHOCHTEALHO Npamoill, napannemsaol oca afcomcec.
Tpaduxr Gpyaxmadt f(x) a a — f(x)

B § 3 6sut0 yeTaHOBAEHO, 9TO rpadEk dhyHKmm ¢ — f() ecTh pesyabTaT
cummerpur rpacduka byurmun J{z) orHOCHTENMEHO MpAMON ¥ = g. Onga-

KO OYEeBHIHG, 9TO rpaduk GyHKIMH ¢ — f(Z) MOKHO PACCMATPHBATE KAK
peaylibTaT cHMMeTpHH Ipadrke f(z) oTHOCHTe LHO och abciuce (rpadnk
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byuxpu —f(2)) 1 noCNeAYIOIMErD NAPALIENLHOIO NEPEHOCA HA ¢ €THRIII
(BBepx BM BHWZ, K 3ABMCHMOCTH OT 3HAKA @).

y=2—arcginz 4¥

—1e \

-2 -1
!'l

Puc. 63

Taxaa TouKa 3penus H6 rpaduk ¢yuxmm o — f(z) rpebyer mis no-
crpoemms rpaduxs KBYX Onepalii: 0CoBol CHMMETDUMH H HAp&LTENLHOIO
NEPEHOCa; MOITOMY NPeANoUTATeAbEEH 0/IL30BATECS APABHAOM B3 § 3, pR
KOTOPOM I mOCTPoerns TpeSyercs TONMLKO ONBa ocenas cuMmerpus. Jaa
WLNOCTPAIEN YKA3AHEOTO B HacTOSImeM maparpade cmocoba mocrpoermnsa
rpaduxa a — f(x) npusemem mpumep (puc. 63). Cpasmure pme. 63 m 30.

VopaxEeHRS

TlocTpofiTe yrazaanens & § 9 cnocobom rpaduku Gyarmti, w3o6paxken-
Hble Ha puc. 26—29 n npeyxennsle B yopaxaeausx 13 u 16.



FTTABA 3

PABHOMEPHHE OCEBHIE CXKATHA
WA PACTHXXEHNHASA

§ 10. ParsoMepnoe caxarse K ocH abcIpce.
Tpapmxn pyaxunit f(x) u kf(z)

Ecm xoopamusT gsyx Totex M(z,y) u Mi(xy,y1) yAoBreTBOpsioT
COOTHOINEHA M
= = ky‘!

TO MOKHO CUMTATD, YTO TOUKS M) IonyueHA NyTeM PACTSREHHA OPIMHATE]
Toukn M B k pa3, ecym & > 1 (om. puc. 64).

3¢ 1M1
1) 2
M oM 24 5)
! g M
;M; 14 M oM

£
H
s
i
i
i

| %=1 ]
w
8y

-L -
-2 -1 O 1

« ¢ 1 & —
M '"2' (1)’ 1

1

§ (2), +—2 &

3 (3),
-2 (4)3
L —1 (8)
Puc. 64

Hpn 0 < & < 1 Touxa M) noxyqaercs B Pe3yJLTATE CIKATHA ODANHATH

-roqngn%paa.
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CupaseaiEBo 1 00paTHOS YTBEPIKACHHE: eC/Id KOOPIAHHATHASA IJIOCKOCTE
TMORBEPTHYTA DABHOMEDHOMY CXATHIO K och abemace ¢ xoabdumuenTom
CKaTHA k, TO KOOpAHEATH! Miobolt Toukn M, coorpercrByIomeRt ToOuke M
A0 CHATHA, BHPAKAIOTCH COOTEOMCHHAME

n=x n=ky

IIpu & = 1 uMeeT MeCcTO TAK HASHBAEMOE TONKIECTBEHHOE Mpeclpazo-
BRHNE, T. €. BCe TOUKH IUIOCKOCTH QCTAIOTCH H& cBoHX MecTaX. Ilpm k < O
X IpeoBpASOBARHAIO CKATHA IPHCOSHARSETCS CHMMETPHA OTHOCHTEIBHC OCH
abemucec. [Ipu k = —1, KBK Nerko NOHATD, KMEET MECTO TONbBKO CHMMETPHA
OTHOCHTENBLEO och abempec (e, puc. 64).

Ipadux bynxunn kf(2) MOXkHO pACCMATPHBATD KaK PESY/BTAT CIKATHS
(wmu pacraxenus) rpadura f(x) x ocm abemmee. HeficTBuTeNBHO, KAXK-
Jokt Toaxe M{z, y) rpacduxa dbynxmpm f(x) coorsercryer Touka M;(x, ky)
rpadpaxa kf(x). IlosroMy Mm nonyguseM caedyiomee NPABHIO NOCTPOCHAS
rpaduxa Qyuxmmm y = kf(z): epapun Pynxuuu kf(z) ecmo pesysvmam
cocamun 2pauxa Pyrryun f(z) © ocu abeyuce e % paz npu Q< k<1 uau
pacmadicenun zpaguna gynsyun f(x) om ocu abeyuce 6 k paa npu k> 1.
IIpu k < O % npeobpasosanuio corcamus ¢ XosPuyuenmonr, pasnsie |k,
NPUCOCOUNRLINCR CUMMEMPUR OMmHacumesvho ocu abeyuce (oM. puc. 65).

y = f(z)

/ N ﬂ = /(@)
// —

~~ o T
| v=r@ ny=kf@@) (k=1)

Puc. 65

Ppadpux dynxuun y = 22 Moxer SHITE NOCTPOSH KAK PE3YILTAT PacTd-
XeHud B 2 pasa rpadrra dysxknun y = & (cM. prc. 66) ot ocn abemucc. Ha
pre. 67-69 npreesens: mpumepH rpadukos Gyukmult ¥ = kf(x).

Paccuarpupast rpadux ypabwenna f(z,y) = 0 Kak COBOKYIEOCTb
rpaduxon dynkmmit y = (), onpesengemux ypasmemnmem f{z,y) =0,
NPUXOAMM K BHBOAY: 2padux ypeswenuxn f(z,ky) = 0 ecmv pesysvmam
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yll
y =22
2¢ y —_
Ao
/s
1 ‘,."
L
J3 1 40 1 3§ %
- #7
// +—1 f(x)=$,
/‘,-" kf(z) =2
f'{ —21
Puc. 66

flkz) = (V22)°

Puc. 67

cocamun 6 k pas % ocu abeyuce zpafuxe ypaenenus flx, ) =0 npu k> 1
| WAL DOCIMADICENUR 6 % pas npu 0 < k < 1. Hpu k < 0 x npeobpasosanso
CHCAMAUR NPUCOEFUHIETICA CUMMEMPUR OMHOCUMEALRO OCl aboyuce.

LelicreuTeisio, ecim ypapEerneM f(z,y) = 0 ompeienserca pyHxoms
Yy = p(z), To ypasnerneM f(z, ky) = 0 oupenenserca dymuxuua ky = (x),
nnw y = p(z).

Ipreenem npumep nocrpoerus rpaduxs ypasmesms x? + k2y? = 1,52
npu k =2 (cu. puc. 70). Iomydernss Kpusasi (PesynbraT CRATHS OKPYHX-
HOCTH) H&3HBAETCH ILTHIICOM,
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1
yn = -
4 T

1 2 3 =z
f(w)=%,
kf($)=;1,
f(k3)=§

Puc. 68

g y=3sinz

24

1 f’,iiif_‘i
-3 X //‘ X ™~
™ 2 -1 0 1 2 3\ =z
Sl

f(z) =sinz,
—2¢ kf(x) = 3sinz
-3¢
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yu
2¢
] e B2+ Y =152
/ 1+ \\\

P+t = ‘}53\ af

"“}',(‘w, ¥) =a% +3° - 1,5%,
flzky) = 2* + (2)° - 15®

Puc. 70

36. (2y)2 —z =0.

§11. PasnomepHOe cixaTHe K OCH ODIEHAT,
Ipadexn dymamtt f(x) u f(kz)

Ecau koopmumarel aByX Todek M(z,y) m My(21,11) yAaosaeTsopsior

COOTHOIICHUAM .
r=mz, WHh=i

TO MOKHO CIHTATE, IT0 TOYKA My MoNy4eHs myTem PACTSIKeHHEs abCIuechl
ToukH M OT OCH OPAMEAT B i PA3, €CJIH M > 1, WM COKATHS B +> bas, ecnn
0 <m <1 (cM. puc. 71). Ecom m < 0, To K mpec6pa3oBaHiio CRATHA AN
pacTsorenns ¢ KoahHEIEEATOM, PABHEM 111, IPHCOSOHHSAETCH CHMMETPHS
OTHOCHTENBLHO ocH opameaT (cM. puc. 71). Crnpabeymso u obpaTroe yTEep-
A IeHHE; €CIIA KOOPANEATHAS IOCKOCTD NOABEPrHYTA CAATHIO-DACTSKEHHIO
K ocE opapHaT ¢ Ko pAmEeATOM CKATHS, PABHHM M, TO Mobas TovKa
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¥t
MY Mil@n) @)
 Mi(zim) M(z,y) (2)
i) Mey) ©)
T2 1 0 1 2 3 #
Miuy), | M@y @
M(m,y) -1 Ml(ﬂ:l;’yl) (5) r 3 (1)’
h ; @,
{ﬁ:m’ m=1-2 @)
Hn= 1
Y (4)$
(-1 (5)

Puc. 71

M({x,y) nepexonar B TouKky M;(Z;, 1) B KoopanBATH ToYeK M u M cea-
SaHH COOTHOMICHUSAMM
T1=mx, =y

Mycrs Touxs Mz, y) npumannexwr rpadguxy Gyuxipm y = f(x), Torma
rpaduky byarmm f{kz) nomxEa npEAaiexaTs Touka M; ¢ Taxol xe
opamsaToit W aficmmecoit x1, ecmm f(kzy ) = f(x), 7. e. ecmm ko, =z, wm xy =
= %a:. Moxs0 cuMTaTh, 910 TO4KA M) nomyueHa B pe3yaLTATE pmmxexm;!
aﬁcuuccummMorocnop,u,mrnkpaa,ecnnk)l,mmmn;
pa3, ecm 0 < k < 1.

Hpumenss 5TH paccyxpenus k mobok Toaxe rpaduka f{kz), npaxomam
K cleAyIoieMy SHBOLY: 2paghux Pynuxyun f(kx) ecmo pesyavmam cocamus
% ocu opdunam zpadura f(z) e k pas, ecau k > 1, uau pacmasicenus om ocu
opdunem e % pas, ecau} < k <1, Hpu k < 0 x npeobpasosaiuo cocamus
APUCOLTURAEMCA CUMMETIPUR OMNOCUMEASHO ocu opduram (CM. puc. T2).

B § 10 mx1 paccMaTpurasy rpaduk dynrmun § = 22 kak rpaduk dyHk-
unn y = kf(x), camras, uyro f(z) = x; Ho GyHKIMMO ¥ = 23 MOXHO PACCMAT-
peBaTh u kak f{kx), m ¢ 37Ok TOUKM 3peHus rpadux bysxmmy ¥ = 2z no-
JIYY8ETCH B PE3YILTATE CXRATRA B 2 pasa K ocH oparHaT rpaduxa GyHKmun
y =& (cm. puc. 66). Ha pruc. 73-75 upABeASHB OpiMepnt peobpasoBaHan
CXATHS K 0CH rpadbukos HEKOTOPEIX DYRKIm.
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v=Ff(a) y=f(z)
-~

14

-

[T 3
% 3
By

k=2

f(z) =sinz,
f(kz) =sin2z
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4

Puc. 75

'padukn ymxmmit y = 22° (cu. puc. 67) ry = % (cM. puc. 68) Taroke
JOMYCKAIOT nBoiHOe Tonkomanne, B § 10 sru rpaduxu paceMaTpUBAJIHCE
KAK PEe3yABTAT PKATHA-PACESKEHNS N0 OTHOMIEHIO K ocH abengec. OHako
byaxmo 222 MoxEo npencrapaTs B puge (xv/2)?, 1. e. B sage f{kz), voe
f(z) = 2. Tloaromy rpadrk GYRKIHR y = 227 TOAYYECTCA MyTEM CKATHI
B ﬁpaarpacbm@ymmy=xz K ocH opauHAT. DyHKIHIO i = % MOAKHO

OpEeACTABUTE B BRIOE ¥ = ll, 1. e. B Buge f(kz); Toraa ee rpadHK mOIywa-
—x

2
eTcd MYTeM DACTSKeHHA B 2 PA3a OT OCH OPAHHAT rpadHKa (PYHKIHR §f = %
(cy. puc. 68).

yll

2e

N 24+ =1
o
4x2+y2=,”i/ \\1
t T3 &

-2 —l\g
-1 ?"Ez,y) =22 +y% -1,
flke,y) = (22 + 4% -1

_21

Pnec. 76

Herpymzo smpers, 9T0 gna rpaduxoe ypapeenns spaa f(kz,y) =0
NONy4aeTca clemyloliee IpaBmIo: zpadux ypasnenus flkz,y) =0 ecmo
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peaysvmam coicamus 6 k pas npu k > 1 zpaguna ypaenenun f(z,y) =0
KX 0CH OpJuHAIM UAY DGCTAANICEHUR 6 P pas npu 0 < k <1 om ocu opdu-
nam epagura ypasnernua f(x,y) = 0. Ecau k < 0, mo x npeobpasosanuio
CHEGTILA NPUCOEOUHALINCA CUMMEMPUR OMHOCUMEAYHO Ocu opdunam,

B xavecTe mpmmepa npEBeseH rpadmk ypasmemas (2)2 4 y? =1
(cm. puc. 76).

Vopaxaeras
l'Iochoﬁ'r% rpaduaxu GyHxomii.
370 y = tg "3".
38, y = arctg x.

Moctpoiite rpadux ypapaeuuas.
39. 42 - 2x =0,

§12. TomoTeTHS OTHOCHTENEHO HAYANA KOODIHHAT,

Tpodmxa dymamt f(x) = kf(F)

Kak #sBecTHO, NpeoSpascBAHAE FOMOTETHH ¢ LGHTPOM B Touke () H KO-
acddramueHTOM rOMOTETHE k MOXKHO DACCMATPHBATD KAK IPOHZBEAEHNE JBYX
OCEBHIX CXKATHH ¢ ONIHAKOBHMH KoahHEIEEHTAMA OTHOCHTENLHO BIAHMHO
HepueHIUKYIIPHEIX U Nepecexalonmxes B Touke O oceit.

y.i
2 M(z,9)
Ty
M (5:3)
1¢ 2’2 , Y
M (z.5)
2
L O 1 2 3 ¥
M(z, ),
-1t My (kz, ky)

Puc. 77

HeticrerTesmsno, nycers ocn OX 1 OY cyaT ocsMy (SRATHS ¢ PABHBIME
xoadpammenramy k. Torna B peaynbraTe GKaTHSE K 0CH abempee Touxa M
nepefizer B Touky M’ (cM. pac. T7), a Touxa M’ B peay/braTe cxaTHs K OCE
OPIHHAT TIepefifeT B TOMKY M.
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Kak HerpyaHO HOKa3aTh, TOUkE M B M; A0DKHK NeKATH HA Hps-
Moft, mpoxonsamel yepe3 ToIKy O, 8 OTHOMIGHWE PACCTOAHEAN OT 9THX TOIEK
0 Touku O paeuo KoshdummerTy cxarng. HMeHHO TAKHMHA CBONCTBAME
JoNxHa 0bnagaTh Toaka M, ecay Ha NICCKOCTH OCYMECTBICHS POMOTETHS

¢ LEHTPOM B HAYANE KOOPIMHAT H KO(D(HUIMEHTOM rOMOTETHH k H TOUKA
M, cooreercrByer Touke M.

9

y f(-r)
2' C el -\
/
// 1‘/\_/\.._.,/
3 \2 A / .
\‘:W’M o 4 ’
—14¢ = f(w)a
y=b1(5) =1
Puc. 78

Paeemampuscen epadun Pyruun kf (%), At NPUTOMULM K edaody, MmO
on npedemasanem coboll PESYALIIM 20MOMEMUNHOZ0 NPEOTPE306aHUR 2Da-
puna Pynwyun F(T) ¢ uenmpom zomomemuy 8 Nauaae Koopduram u xoa-
Puruenmone zomomemun k.

JelicTBATeALEO, TycTh rPadhuxy ¢hyrxnmn f(2) npmaniexer Todka M;
TOrIA rpmbnxy dyaxupm kf ( ) AODKHS IPUHANIEKATE TOUKA M (11, 31),
ecmn Ty = k’ a y = ky. Taxam obpasom, xaxnoft Touxe M rpaduxa f(z)

COOTBETCTBYET Todka M rpadbmka ¢ymximm kf (%), rOMOTETHYHSS TOY-
Ke M OTHOCHT&NIEHO HA9AJIA KOODJIHRHAT, DpayeM KoatdaupenT rOMOTETHH
pepeH k.

Ha puc. 78 u 79 npencrapiens rpabuxn $yuxoalt f(z) u kf( ) npx
k--ink 2. Econ k < 0, To mMeeT MECTO OTPHUATENLHAA FOMOTETHS, HJIH
roMoTerHs ¢ KoabUnueHTOM, PABENM |k|, B ¢ mocnenyomeit nenTpaasHoOl
cHMMeTprell OTHOCHTENLHO eHTPa ToMoTeTHn (cM. prc. 80).

HaTepecHo 3aMeTATs, YTO Bee HAPADOJNH BHAS ¥ = Kz’ ITOMOTeTHIHHE
OTHOCHTEJILEO HAYAJA KOOPAHHEAT, IOTOMY IT0 GYHKIHIO kT2 MOXHO Tpes-
CTABHTH B BUZE %(k:c)z.
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yl
24

.z
y—Zamz

Puc, 79
U
2
1 y=lg.a:
-3 -2 -1 i
T —="5" 1 5 § *
1 Ve _
y=-5le(-2) _y; f(x) =gz,
& (3) = —3l8(-22),
.._2 l
k=-3
Puc. 80

TO4HO TAK K& BCE DABHOCTGPOHHHE CHIEDGOAH ¥ = g- TOMOTeTHIHE!
c xoaumerrrom romorernu vk (k > 0), moTomy uTo % =\/E—11—.
—x
vE
H3 romorernunocTy cnexyer mnonobue; CTAN0 6HTE, Bee mApabOIE IO~
IOGHH JApYT HPYTY, d BCe PABHOCTOPOHHAE rumepboNE TAKXKe TOA0GHE!).
Ilpuesnem NpaMepH TOMOTETHYHOTO LpecOpasopanun rpadexos dbymi-
it {cM. pac. 79, 80).

*Mlocnenpee 3pKmOSCHAe AL CHRTATS c'rpom 0BGOCHOBAHEELIM NpeNIIeCTEYIUEMI
paccyacaeHnamn. JIna crpororo oGocHOBAHNS Hy:XHH ceegeran B3 § 17 (spamenne).
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Ilo orrOmermo k rpadEkaM ypapHeERR ME DPHXOONM K CHEAYIOIMEMY
BHBOLY: epagdhux ypacnenun f(kz, ky) =0 ecmod pesysrvmam zomomemusi-
1020 npeobpasosarun zpaduxa ypserenus f(x,y) =0 ¢ yenmpom 6 nanare
xoopduram u xoxfuyuermon zomomemuu k.

fw,y) = y2 -,
f(kﬂ?,ky)=(2y)2—2x=2 -

Pre. 81

JHettcrsmrensso, nyers ¥ = ¢(z) — onms u3 yHRUHHA, onpesengeMEX
ypasremnem f(z,y} = 0; roraa ky = p(kz) — dynxuus, onpenensemas
ypasuenneM f(kz, ky) = 0; Ho ecomt ky = p(kz), TO y = %ga(kz), 2 5TO ecTh
yei10BHEe roniaomrmocm TpaduKos Y(xr) u %tp(kw) ¢ KoagdummenTom
TOMOTeTHH 7.

Ha prc. 81 mpezicTaBnens TOMOTETHsI TpacbHKS YPABHeHHA 42 — & =0

(=3w=2)
Vnpaxaesus
IlocTpoitre rpagukn dbyHKImH.

40.y= —% arccos(—2x).

A y=25% 008

Toctpotite rpadhux ypaBaeRns.
42. 27% + 252 = 1.
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§13. PasHOMEDHOe CEATHe K npumoill, napanie sgoll OCH OpABHAT,
T'paduxu dyexmmd f(x) n f(kz + b)

IIycres HA KOODIHHATHON MAOCKOCTHE 38/1aHA, TIPAMAA & = 6, NAPAJLITEITE-
HafA OCH OPIUHAT.

Y
r—a
—— Mi(21,11)
\+‘M($}y)
r—a
0 T
z _a__x—a
{ 1 = E !
h=y
r=a
Puc. 82

PaccMorpud koopzmmaTm Towka M(z,y) ¥ KOOPAMHATHI TOYKH
M;(21,41), B KOTOPYIO NEpetimer Touka M, eciH NOABEPTAYTH KOOPAHHAT-
HYIO ILUIOCKOCTb CRATHIO (Wil pacTsoxenmo) ¢ xosdpdunmentom k (k # 1)*)
K npamolt z = a (cM. puc. 82), OTHomeHe paccrosnmit or Toaek M n M,
JO OCH CRBTHH IODKHO GHITE paHO K03(MHUMEHTY CKATHA; OPIMHATH
rodek M n M) pasEn. Mu npExoauM K ClIEIVIOIMEM COOTHONECHRSM:

{a:l —a=%(a:—a),

h=1,
njm x—af{l —k
n=y

IIpu oroMm eca k > 1, TO AMeeT MECTO CXKATHe K OCH & = @, & TIPH
0 < k< 1 — pacTsxeHne OT OCH & = Q.

B xagecTBe yUpasKHEHHS MPeJIAraeM YHTATEND YOSIRTHCS B TOM, 9T0
YKA33HHEE COOTHOIICHHA MY 1 H & He H3MERSIIOTCHA NPH PAITHYHEX 10~
JIOXKERAAx ocha cxxaThi (@ > 0, a < 0). Ecau cHAYANA NPONSBOARTCS CKATHE-
PACTAXKeHHE OTHOCHTEABHO OCH X = @, 8 34TEM CHMMETDHS OTHOCHTEILHO
aTolt Xe ocx, T0 koadduuperT k& HANO CIRTATE OTPHIATEILHEIM.

*Mpa k = 1 BEMeeT MeCTO TAPAANENLHET Depesoe.
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OuerBHIRO, COPAREI/IMED B OOPATHOE YTBEPAICHEE, & HMEHHO: €C/IH KO-
opapHATH ApYX Touek M(x,y) u Mi(21,1) CBA3AHE COOTHOMEHRIMH

z —a(l —k)
{$1= k ’
=W

TO MOXKHO CIHTATH, 9T0 TOUKA M) NOMIYUeHa B PesyILTATE CIKATHA-PACTSKE-
HEA K OCH £ = G, OIPH 970M eCJIM k > 1, TO HMeeT MecTo cxxaThe; ecmm 0 < k <
< 1 — pacrsxenue, & Opn k < (0 K DpeoCpAI0BAHMIO CHRATHA-PACTKEHNN
¢ ko3 pummerrtom, paabIM |k|, NPHCOSAUERETCA CHMMETPHS OTHOCHTEILHO
OCH Z = G.

Hyers Toura M (2, y) nparsanexur rpadmuxy Gysxupsr f(z), rorms rpa-
buky f(kx + b) momkas NPUHALIEKATE TOUKa M) ¢ Takok xe opAHESTON
u abcmuccoRt 1, ecma f{kz1 + b) = f(z), T. e. ecnum kx; + b=z, mm

z—b

r = —k-. (1)

Paeercrso (1) npeoGpasyerca K BULY
z— = (1-k)

= % . (2)
Cpasausas cooTHomenue (2) ¢ dpopmynon
z—a(l—k)
T=——a

TPHEXOAMM K BEIBOAY, ITO B T0UKY Mj mepexonmt Todks M B pesyneTare

mpeobpazoBanna CXKATHA-PACTAREHRS K OCH & = —l—b— Hae paccyxaenune

TpuMeHEMO K miobolt Touke rpaduxe dynkims f(x), nosToMy MH IpHEXO-
JEM K crefyomeMy BHBonY: epagur dyrxuuy f(kz + b) ecmd pesyasmam
corcamus-pacmaorcenus epaduns dywryuu f(z) ® ocu x = -—'3— ¢ xosp-
PUYUEHMOM COHCAMUA-PACTRANCEHUR, PAGHIM K, nPUNeM npu k > 1 uameem
Mmecmo cocamue, npu 0 < k < 1 — pacmaocicenue, ¢ npu k < 0 x npeof-
PAIEGHUID CHCOMUA-PECTANCERUR NPUCOLOUNREINCA CUMMEMPUR OMHOCU-
MeAvHo OcY T = i—f—; {cM. pme. 83).

Paccvorpim dynknmo y = 2x + L1 ecom cuwrars, 9ro f(z) = 2, TO
byaxmemo 22 + 1 MOXKHO npeacTaBRTh Kok f(kz +b), roe k=2, b=1.
Torxa mocTpoenne rpapuxa Takod GyHXKIHAE MOXKHO GCYIECTBHTD, NOI5-
3ydch ChOPMYIBPOBARHBIM BHINE MPABRIIOM, pacmarpma;x ee rpadBK Kok

Pe3YILTAT CXKATHS B 2 pasa rpadHEKs ¢ = T K ocH =g T e z=-1
(cm. pue. 84).
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74
flkz +8) yif(ﬂ?)

so b

y= f(z),
y=fhz+b), k=2b=1

Prc. 83

// L k=2b=1,

YPABHCHHE OCH CIKATHA:
:C='1—:-E; z=—1
Pac. 84

' Tipn nocrpoenny rpadakos byexialt f(ks 4 b) cHavaqa CTPOATCA TDE~
bux byuxopu f(x), 3aTem npoBomATCH OCh CKATUA (IPAMAS T = Tf—k).
Touxa nepecederns rpaduxs GyHKay () ¢ 0CHIO OKATHA OCTAIOTCH HETIO-
ZBVDKHEIMA. 3aTeM AJIA OTAENbHEIX To9eK rpaduia ¢yakum f(z) cTpo-
ATCR COOTBETCTBYIONEE MM TOUKHA NPH 32 2HHOM KoxbdunuenTte cxarns-
PACTHXKEHHAST, ’

IIpuponpmMele HEOKe npmMepr! nocrpoeHms rpeceExoB (cm. pme. 85,
86, 87) cienyer BHEMATENHHO PACCMOTPETh ¢ TOYKH 3PEHHS IPAMOHEHHS
NpaBdE/aa 119 NOoCTpoerns rpaguxos Gysxkmst f(kz + b).
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91“
b
= e =22?+1
T P 2_9' ‘
_ 1 ,’,‘ /y=$
& =3 1/;'///
v
o ’/// o -
-2 -—1/./ O 1 9 x
7/
, —1¢ f(:r:)=a:,
7,9 flkz+b)=2z+1
_9¢
Pue. 85
yl
y=(2z-1)
\ +3 /
y=€t2- 2 /
\\ H f(m)=$2’
o filmh=a-1
AN \/ E=2,b=-1
- \"‘ . * L
-2 -1 O 1 2 =
..1|.

b
Ypannenneocnmm:m=ﬁ;x=l

Puc. 86

Iiepexons k ypssaerwsaM sagp f(kz + b,y) = 0, moaydaeM cieaywolnee
MPABIIO IJIs MOCTPOSHES rpadhAKOB TaKHX YpaBHeHHM, el rpadHEK ypas-
menns f(x,y) =0 sagas.

Ipagpur ypasnenus f(ke + b,y) = 0 ecmv pesyavmam cocamus-
POCIMANCENUR £ OCU T = l—f—k epagpuxe ypserenus f(z,y) =0 c woaf-
PULUEHINOM COHCAMUR-PACTARIICEHUR, paanbim k. Hpu smom ecau k> 1,
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MO UMEETR Mecmo cocarmnue 6 k pas, ecau 0 < k <1 — pacmasicenue 6 k
paz. Hpu k <0 x npeolpasoeaniio CHCAmMUR NPUCOLIUNACTICR CUMMEMPUR
OTRNOCUIMEADNO OCU CHCOMUR (:c =7z k)'

Ha puc. 88 npusenen npuMep TAaKOrO mpeoOpa30BAHHA ypaBHEHHS
2?47 =4

f(x) =sinz, Y _ 1
f(kz +b) = sin(-2z + 1), . =3
k=—2; b=1 4 X""“N‘\ y=sing

”~
2 A
e A 0. _\.

\ -2 V-1 1 /2 3 z
. \ y =sin(—2z + 1)

VpapHeHHe OCH CKATHES
H OCH CHMMETDHH;
a:-—_b-o x—l
1-%7" 3

Puc. 87

v/ F@y=a"+y"-4¢,

fhz+oy) = (2z+1)% +9% —d4=
=4r’+4x+y*-3=0,

2r+1)2+y2-450 1r k=2 b=1

i

o
%)
B3y

-2 - O

\\'“‘--n

32+y2=4 —1e

%"..ﬂ"/

b
Ypaanenaeocnc}xam:x=1—-g; z=-—1

Puc. 88

I'padnk bysrumun f(kz + b) MOXKHO pacCMATPEBATH H ¢ APYTOft TOUKH
spermus. Tox kax f(kz + b) = f[k(:c + %)], rpadux —f(ke + b) moxuo
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CUMTATh PE3YJILTATOM NBPAJJIENLHOTO nepenocs Tpadbuxa GyHkumm f(x)
' BOONB OCH afcipce HA OTPesoK I%‘ (coorBeTCTBEHHO BMPABO WM BJIEBO
B 3ABHCHMOCTH OT 3HAKA E) H NOCISOYIOIETC CHATAA-PACTAKCHHT ¢ KO-
as¢dbumaerTroM k K oc £ = %

STa BTOpAs TOUKS 3PEHHS MeHee YIoOHA ANA NOCTPOCHAS rpachuKoB,
Tax Kak TpelyeT Apyx nmpeoGpasoBanmit {IapaUTesIbHOTO IEPEHOCH ¥ OCEBOTO

cxkatuda). Ha puc. 85 mokasano mocrpoense rpadmka ymxamu ¢ = 2z + 1
TAKHM CIIoCOB0M.

Vopaxuenus

Hoc'rpoﬁmg IOByMS lcnoocéam rpaduku cnenywomux dbyaxumty.
43. y=

-2 .1
44. y = arccos(2z + 1).
Hocrpoiire rpaduk ypapnerns.

45. > —3z2+1=0.

§ 14, PapHoMepHOE CIKATHe K mpaMoil, napameapHON oca abcamcc.
Tpaduxu dyexmmk f(x) B mf(x) +p

IlycTe B8 KOODOHHATHON NICCKOCTH 2aJiaHA IDAMAA i = ¢ H BHIOOJHEHO
TIpeoOpasoBaHAe CKATHA-PACTKOHHES IIOCKOCTH K OCH # = @ ¢ Koadybump-
enToM k. Torma nporsBossHad Touka M (2, y) IWIOCKOCTA nepefifieT B TOUKY
M, (z1,11) (om. puc. 89), npirem oTHOMeREe paccTosmat or Togek My u M
[0 OCH C3KATHS JOKHO OHHTH PABHO KOS(MPHUIHEATY CRATHA-DACTIKCHHS,
Taxum 06pasoM, KOOPIHHATH TodeK My n M CBS3aHH COUTHOMEHASMIE

™=, —_— =,
v —a=k(y—a), y = ky +a(l — k),

rae k — xoaddanrenT cxxaTHa-pacToxkenns. [Ipn sroM ecam k > 1, To mmeer
MECTO PACTAXKEHHE B K paz oT ocH i = a, eclH XKe 0 < k < 1, 10 HMeer

MECTO CKATHE B 7 Pa3 K 0CH §f = 4. Ecmu k& < 0, TO K CKATHIO-PACTAKSHMIO
¢ koadpduumenTomM || npuCoeTHHACTCA CHMMETDHA OTHOCHTEILHO OCH ¥ = a.

Crpasesiuso U 00paTHOE yTBepXACHHE, 4 MMEHHO: €C/IH KOOPAEHATEI
JByx Touek M(z,y) u Mi(z1,1) CBA3AHKI COOTHOMERUAME

I =&,
1 =ky +al — k),
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TO MOXHO CYATATL, 9TO TOYKA M) TOJyYeHA KAK TOYKS, COOTBETCTBYIO-
mas ToUKe M, B peaylibTaTe CKATHS-DACTAXRKEHES KOOPIRHATHON TLIOCKO-
crH K ocH ¥ = ¢. IIpm sToMm ecvm k > 1, To mMmeeT MecTO pacTa Kenne B k pas,

ech0<k<1,mc>KaTneB—’1;paa.

yd

b
M(z1,11)
34 4

29 sM(z,y)

-1 n=a,
nm—o_
y—a
Pue. 89
Ecmg rouse M{z, y) npunagmexer rpadexy bysxmau f{x), T0, 09esu-

HO, TOUKA M) (21,11 ) Ao/xna npuaanexars rpaduxy Gyuxnmm mf(z) + p
npu 7, =% 1 ¢ = my + p. Ho ¥, = my + p MoxHO NpecTAaBETL B BHje™

=my+—2—(1—-
n=my+ - (1-m)

Tenepk acHO, wTo B TOYKY M) nomxaa nepettrr Touka M B pesyneraTe
MpeoOpas30BaHus CIKATAA-PACTKCHES KOODIMHATHON IIOCKOCTH K OCH Y =

1_m,npnqeuecnnm>l,mmeermecmpacramenneormﬁocnnm

pa3, a ecm (0 <<m < 1, TO cokaTHE B — pa3 K T0# XKe ocu.

TaruM 06pa3oM, epapux Gywryun mf(z) +p ecmo peayavmam npeob-
PE30GAHUR COCATIUA-DACTIRIICENUA 2padura Pywwyun f(z) K ocuy = ‘i%’; s
npusesm ecau 1 > 1, mo umeern mecmo pacmsoicenue, ecans 0 <m <1 —
cocamue. Ecau oice m <0, mo % npeofpagosanuio cocomusi-pacmaiceriia
¢ KosPPuUUEHMOM, DEEHUM (M|, NPUCOLOUHAEMCR CUMMEMPUR OMNOCY-
MEABHE OCU Y = ﬁ.

Ha pmc. 90 npupozmTca HpEMEp nNOCTpoeHMs rpacdhuEs (HYHKIMH
mf(z)+p.

*YMu cauTaeM, 9To M # 1. IMpu m = 1 nonymmm Dapawnensaeli NEpEEOC, PACCMOTPEE-
it B § 7.
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bt
y=f(z)
2 -
/ \ /_.mf(z)-}-p
/r\/ Y= p
M% . . . — 1-m
N I 2 38 4=
) f@umi@+p,
P =1 ..=1
L Al (9‘4’"“2)
Puc. 90
yJ\
y=2r+1
=2
Y=z
9
f@)=ux,
y=-1 /"-—1 mf(z)+p=2c+1,
/ YPABHEHHE OCH CXKATHS!
/ -2 _ p e 1
Fac. 91

3aMeTHM, YTO BO3MOXKEHA Apyras TOUKA 3pends HA rpadur Gyuxuun
mf(z) + p. Taxoit rpadhuK MOXKHO PACCMATPHUBATH KAK PESYJLTAT CKATAS-
pacrsoxennd rpaduka GyEkuEn f(z) kK oca afcudce B MOCHBAYIONEro ma-

PAANENBHOTO NIEPEHOCA BAO/b OCH OPOHHAT.

B npakTAke mocrpoenrs rpadukos npeanouTurenbHelt meppas TOYKA
spenns, TpeSyomas Beero JMIOL ONHOTO hpeobpasosaHus {pasymeercd,
HOCIe MPeABAPHTENHHOIO YCTAHOBICHHA OCH CIKATHA-pacrsxenus).
WULIOCTPANEM 3THX ABYX ¢nocofoe mpubomures puc. 91, Ha KOTOPOM yixke
¢byarmEr ¥ = 22 + 1 cHOBa CTPOETCH HBYMA

BCTpevapmtics rpadwuk
cnocobaMH.
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f(x,my-i-p) =(2y-—1)2—z, p=-1,m=2

P
ypasneuneocnmxam:y:l—-__—n—z; y=1

Pre. 92
PaccMoTpEM Temeph BONpoc o rpadyke ypasHeHus BUIa f(z, my + p) =

= 0. Ecma ypasnenmem f(z,y) = 0 onpenemserca yskmua y = ¢{z), 10
ypasuermenm f(x, my + p) =0 onpenensierca Gynkups my + p=¢(z), T. .

=lom -2
y=rplz) - .

I'pacpux Taxoit GYHKIMH MOXHO pPACCMATDHBATH KAK DPE3YIBTAT
upeoﬁpal;'aosauna CKATHS-PACTAXKEHNA rpadmka yHkmm @(r) X ocH
1
E.

y=1—_m£=1fm ¢ Kk09(hDUIHEHTOM CXKATHS-DACTAAKEHNAS, PABHEIM

wm .

Tak KAK COBOKYNHOCTH IpachrKOB Beex bynxumdt (o(x), onpenergemsix
ypaBrenueM f{z,y) = 0, ciayxur rpacbmcog camoro ypabrenns f{z,y) =0,
MH OPUXOIAM K CIEAYIOMeMY BHBOZY: epafux ypasrenus flz,my+p)=0
ECMY PESYADINAIT CHCEMUR-PACTARIICERUR epadure ypasnenus f(z,y) =0

vcocuy=1__’_’m ¢ xoaffutiuenmon, pasHsim %, npusem ecatt m > 1,

Mo usmeem Mecmo coicamue, & ecau ) < m < 1, mo pacmaoicenue, ¢ npu
m <0 x npeolipazosanuo CHCOMUR-PACTIAICERUR ¢ KONDHUYUEHMOM, PAG-

HOIM lil, NPUCOLIUHALMCA CUMMEMPUR OMHOCUMEALHO 0CU Y = 1fm.

TIpaeegeM Teneps npEMep nDOCTPOSHHS rIpadAKa YpABHEHMS BHAS
f(z,my+p) = 0. B xauwecrse ypasmeEus f(z,y) =0 paccMarpuBaerca
ypasnense y* — 2 = 0. Hoboe ypasmenme: (2y — 1)2 — z =0 (cm. pac. 92).
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IlpuBezem npmeps NoCTpoeHUs rpadnuxos dhyHknplt supa mf(z) + p
(em. pac. 93, 94).

b

fl@) =42,
mf(z +p) = —242 +3, 2 }'P&Blleﬂﬂepocn CKATHA
m=-~-2,p=3 y=1-—m;y=1
Puc. 93
vt
f(z) = cosz, YPABHEHHE OCE CHKATHT

Prc. 94
‘Vopaxnenns

Toctpotite rpaduxn Gyuxupmit (Apyms cnocoGamm).
46.y= % -1 _
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47, y=2arcginz ~ 1.

TlocTpoitre rpadux ypapHeHHS,
48, 2y + 12 +2%2=4.

§15. Jlumelinue npeofpazosasud aprymenrs ® GyHEIHE.
T'padpuxa pysxmatt f(z) a mf(kz +b) +p

B § 13 1 14 6sim paceMOTpPeHE OTEEBHO JMESHHEE MPeobpasoBaHHs ap-
rymenra (f(kz + b)) v sumelinne npeobpasopanus Gyrkman (mf(x) + p).
OKa3a/10Ck, 9T0 rpadBKH COOTBETCTBYIOMIMX GYHKOMUA NPEICTABISIOT CO-
Golt pesy/IETATH CKATHS-PACTAKeHES TpacdhuaKoB GYHKIAH f(T) K NPAMEIM,
[APAUIETBHBIM OCSM KOOPHHAT.

TakuM 06pazoM, MB IDAXOJMM K CHEOYIOmMEeMY BLIBOAY: 2pafux
dyrwvyuu mf(kz+b) +p (m#1, k# 1) ecmo pesysomam cocamus-
pacmasicerun zpaduxa Gyunyuu f(r) € ocu = 1_55 1% nocaedypousezo
corcamus-pacmasicenus apauxe Pynxyuu flkz+b) xocuy= ﬁ

Ilpu mpyrom nopgake npeoOpasoBaHull CcH8YANA CTpoHTcs rpadHk
byrrman @(x) = mf(z) + p, T. €. IPOR3BOAATCH CIKATHE-PACTIKEHHE I'Da-~
buxa dyuxuuu f(x) x ocn ¥ = 1=, 387eM crpoures rpadux pyEKOHE
@(kx + b), T. e. MpOM3BOMATC CXKATHE-pacTxeRue rpaduka ¢(z) K ocu
T =13 Moxno ofnenuaaTs 008 HOCTPOSHHS, oCHW KAXKAYID TOIKY

rpacduxs byEkmEn f(x) DOBEPrHEYTH COOTBETCTBYIONIEM NepeMeNIeHAsM
OTHOCHTEJIBHO JBYX 3apaHée NOCTPOEHHBIX OCell (KATHA-PACTHXECHHS

(x= 1_376 ay=q fm). ITpamep Taxoro NocTpPOCHAS IPEBEAEH Ha puc. 95,

PaccMorpuM $yrknmic ¢ = az® + bz + ¢; BrnmosHEB mpeobpasoBaHke,
EIBECTHOE IO, HASBAHHEM <BhIJIeJIeHHe NOJHOTO KBAJIPATa, IOIY3HM
b\2 b2 —dac
voler ) -5k
Ecim caurats, 10 f(z) = 22, To paccMarpnBaemas (GyHKIES MOXET
Smbnpencmmenanamemf(km+b)+p,mzem=a,k=1,b=—2%up=

= -%;m—-. I'pacdux Takofi pyHKIEHM ecTE Pe3YIBTAT NAPAJUIEILHONO Io-

p%ﬂocarpaCbdeym{nnny:zzmmocnaﬁcnaccnaomeaox,pm
|%|, H CKATHA-PACTAXEHHA MOJYYeHHEOro rpadHKa N0 OTHOIIEHMIO K 0CH
_ dac—P
V= wi-a)
B yuebuoift nureparype Yame BCTPEUAeTCS APYTAd TOYKA IPEHES
H& TpaduK (yHKIME ax” + ba + ¢; OH PSCCMATPHBAETCH KAK PESYIIBTAT




68 TN 3. PABHOMEPHHE OCEBHE C2KATHA WIH PACTAXKEHHA

w4
y= f(z)

2l
/’{ \ /
AN

=N “f (ks 4 5) 4 p
\'\/-1 [9) 1 2 3 4
1 m=3k=2p=-1b=-
) n 36(20-3) 2
Pac. 95

J——

T
1
g

NApaJLIeILEOTC NePeHOCa MPAdHKA PYHKINE ¥ = T2 Ha OTPE30K I%I, 3aTEM

CKATUSR-PACTSDKEHRS B |a| pas x ocn = —3, ¥ HAKOHEI, NAPAJLIENEHOTO
b - '

nepenoca (BBEPX /M BHH3) H8 OTPE30K, PABHELA

Oﬁacuocoﬁanocrpoenmmumcrpnpymcampnc 96 n 97,

B cpere manoKeHHOH paHee TeOPUH NPEJACTABASETCE BOIMOXKHLIM IO~
crponThb rpadek GyHKINE ax? + bx + ¢ B Pe3yALTATE TOMBKO OXHOTO Hpe-
obpasopanug rpaduks, Gyrxmn 2 (mm —22). deno 5 ToM, Tr0 hyHKIHIO
ax? + bz + ¢ MOXKHO NPEACTABATE B BEAE

1 b\2 b?

a(as+3) +e-g
TmmM ofpa3som, ax? + b + ¢ = mf(kx + by) + p, Tme -m—- k=a,
dac— b

4a

B§12 6biJ10 YCTAHOBJIEHO, YTO CKATHA") ¢ OmHIM 1 TeM 3xe koadubmp-
eHTOM K JBYM B3GEMHO NEPICHINKY/IIPHLIM OCAM €CTh TOMOTETES C TEM e
xoa(rbEIpeRTOM H NEATPOM B TOUKE NepecedeHHud ocell CKATHA, MOITOMY
rpachErr pymKumit f(:c)nkf(%) FOMOTETHYHHL,

OxasniBaeTcs, rpadhukn yuxmmit 22 u az? + b + ¢ TaxmKe TOMOTETHY-
HEl IIpH 4 > 0, noTOMY 4TC

ax2+bm+c=§(ax+ §)2+

bl—-np—

dac— ¥
—

*)Iln9 COEPAINEHHA PEYH BMECTO GIOB <QKATHO-DACTIKeHHEr M GyfieM TOBOPHTH
TOMLEG OEHO C/IOBO <(KATHE» (HMes B BADY B TO H APYToe).
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f(z} = 321
mf(x+b) +p = 2>+

32

—14

+3z+1=2 :c+—) —%

4

iy
L

flz) =22,
mf(z+b) +p=

69
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1
Kosdrpuuperr roMoTeTHE paBeH o & UHTD POMOTETHR JIEXHT B TOKe
niepeceveHd ocell CKATHS, YPaBHeHAT KOTOPHX

—_P =0
z =1, T {en. § 13 1 14).

3uaquT, neATp roMoTeTHH rpacduxos Gyskpl ¥y =22 u y=az’ +dr + ¢
npa 4 > 0 JIexHT B TOIKE
dac—H b )

o 4A1l—a)’'2(1—a)

Hanpumep, rpapex dynsomu 22 + 3z + 1 romorerayer rpaguky
dbynxmmu 2. Kosdxpmiment romoTeTsu pabeH 1, LEHTP TOMOTeTHR Jie-
XHT B TOIKE (-—-— _L {cm. puc. 98). Ilpn a<0 rOMOTeTHIHE! rpadaKn

2’
(bymamﬂy=—a:2ny ar? + bz +c.
yl
y=222+3z+1
\ 3¢ !y-——x"‘
'!/
~
1 2 ¥
Hocrpoenne rpa- Koopauuare
dbuxa byaromEn _1) menTpa romorernm:
y=22+3z+1, b s=-3
xosumment THl-ey"T T2
POMOTETHH PaBeH _bP—dec  _ 1
VEaa—ay Y51

Pac. 98
CrouT, noxanylht, mm,mrpad:mmyxcbynmﬂamy z="
H ¢ = az® TaK)XXe rOMOTETHYHH, NOTOMY ITO az"™ = "-\‘/E ("‘\‘/a :r:)
B 3TOM CJIy4ae koxbunieHT roMoTeTHR paneﬂ" ﬁ

*)Mut npenanonaraem 3aecs, 910 & > 0, a £ 1; npn a < 0 B 38BHCHMOCTH OT HETHOCTE ©
AMEeT MecTO JAGO rOMOTETHA, AHGO FOMOTeTHS B OCEBAS CHMMETDHA.
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~ MoXHO TAKIKe YCTAHOBHTEH TOMOTETHIHOCTE FPA(HKOR TIOKAZATETHHAIX
byuxmat suga ma**® 4 p u o° w norapebMuvecknx GyEkuult Buia
mlog,(kx+ b} +p u log, =.
) B pamneefimenm saM moragoburca daxT roMoTeTHn rpagukos dbyrKmal

e g.,ﬂeﬁcranmao,ecam k>0,710
Eevi &
z —2
vk
1
T. . PYHKIHE HMeeT Bmmf(;%), roe fz) = 7 CrenosaTensno, rpadnaxa

dyaRIE . i rOMOTETHYHEL, HEHTP 'OMOTETAN JIEXKHT B HAYAIE KOODIHA-

HET, a xos(bummentT romorerHn pasel vk (k> 0). Ecan k <0, 10 k= ¥/,
Tme k' >0m

Bsmmcnyqaemeeruecmmmomnacrpad:mucbymunny=-i

Tenepp paccMoTpEM rpadmx ,u;poﬁﬂo-meﬁﬂoﬁ dbyakmae BEN ¥ =
_ax+b
QOueBBanO, CleoyeT CUMTATH, w10 & £ 0 H ¢# (. He Hapymas

T ea+d
ofiifHOCTR paccy>xaeHHN, MOKHO MPEICTABATL HAITY (BYHKUMIO B (dopue
a b
_aztb_ %Y, az+p
ce+d m+% x4y’
roe
a b d
a=gp B=7 ® o7=¢ )

Texyio dopmy apobuo-memelinol GyuKIuE MBI Ha30BeM NPHABEHEHHON

4 B JaabHeinreM GyJieM pACCMATDRBATD IPUBEASHHYIO d)opuy. IIpeobpazo-
BAHHEM

oz tf_aGtNtBoar_ g o 1 L.

z4+y T+ m+']r
ApcOHO-mBefaa PYHKIMA HPHBOZATCH K BALY
1
f($)=;, m=ﬁ—‘0‘1’| k=1, b=‘7, p=a.

Kax 6010 yeraHoBneno paHee, rpaduK Takol GyHKIEM eCTh PEIYILTAT

APAILIeIbAGTO HePeHOca IpaduKs cbymm;m {rrnepGoist) BAOTDL ock abc-
muce (He OTPE3OK ¥} U cmma K Ipsamoit, napaameubﬂoﬁ ocu abemuce. Ypas-
HEHHE OCH CXKATHA: Y = W' Ko3¢xbHpenT CKATHA paBeH [ — o,
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Takoit rpadhHK IACTO PACCMATPUBAETCH KAK PE3YABTAT NAPALICNHHOTO
mepenoca rpaduxa GbyExIUR % BIONB OCH AGCIHCC BA OTPE3OK 7Y, CKATHA
K ocu abcupee © koaddumpenToM § — oy ¥, HAKOHEN, MAPAJISALHOTO IIe-
PEHOCS BAONE OCH OPOMHAT HA OTPEZOK (.

Q/HAaK0, KAK MEL TIOKBXKEM TaJjee, MOKHO 00ORTHCE TOABKO OOHEM Hpe-
obpasosanpen. Ilpeasapurensno cue/iaeM HECKOIBKO 3aMedaRmil.

1. Ecar B — ay=0, T0 y = o, T. . rpadux ApoGHO-AHASKROH PyHRIHE
<BHIPOXK/JACTCA» B NPAMYIO0, HSPaAIeNbHYw ocH abenmce. B nanmbnetfimem
6ysieM camTaTh, 9r0 3 — Ay #0, T. . ad ~— be £ O (oM. dopmyass (1)).

2. Ecms # — ary = 1, TO Hama HYHKIMA OPUHAMSST BRA,

y=z+7+°‘"

I'padux raxott daynxmm ©CTH PE3YIBTAT ABYX NAPAANEIBERX NEPEHOCOE
rpacduxa (bymn:um") =,

SToT CaIydait clmmeu PACCHMOTPEHREIM H B AgjibHelrneM 6yneM CUXTATD,
9T

B-or#l, wm 9"{}‘1;&1,
3.Ecmn f—ay=-1, 'rorbym{unameermm

::+'r =_(:=+1 _a)

Ee rpadmk MoKeT OGHTE DOMyYeH KaK Pe3YJBTAT JBYX O8pAJIIebHEX
[EPEHOCOR M TIOCHEAYIOmeN CHMMETPHE OTHOCHTENbHO OcH afcmuce. JroT
Cy9Al TAKIKE ACKAICICH A3 AARbLHCHIIET0 PRCCMOTPEHRS, T. o. byaem cas-
TATS, YTO

be— ad
f-ay#-l, mm —s—#-L
Teneps HeTPYAHO NOKA3ATE, ITO rpad:mc dyuxmEa

y=0B-a)- :c+'r

npu yenosan § — oy > 0w 8 — oy # 1 ecTh pesy/IBTAT rOMOTETHNR rpadhERa
¢ynmmny=;. IIpeacraeus HaMy (YHKIHIO B BEIE

1
y=vVl-aoy = ——=—+o
VE—oy ' JB—er
')ﬂsampmmwmmommmooeﬂmmamm

abcoEec B HA OTPe30K O BAONE OCH ODIMHET MOMKHO 38MEHHTH OHEM NaDAN/SNEHEIM
mepenocoM HA BEKTOp ¢ HauanoM B Touxe (0,0) | xornom B TouKe (a,b).
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BeMemeHno ybexkmaenmcs, 9T0 rpaduk Taxolt GYRKIEH roMOTeTHYEH Fpa-
by Qyaxkuun y = p kost<bungerT roMoTeTHN paben /3 — ary; LEHTp

TOMOTETHH JEKHAT B TOYMKE (1 1 m) T. €. B TO9IKe
i
(g riem) = (i)
_ 1- —or—1'1-+yp-av )
1 \/B oy VB — oy VB —ay

Ecau BHpasuTh o, 8 B v 9epes a,b,¢ u d (dbopmyan (1)), To momyunm
KOODAMHATH OEHTPA TOMOTETHE B BHAE

d
r= VE—ad-—c’
a
¥y= c—+bc—ad
\/b_cm

KosdbuprerT roMoTeTr paBen

Hauocmacnpmwrpe'rbcuyvaﬂﬁ ay < 0. Ilyers B — oy = —o,
o > 0, Paccmarprsaemas pyAKkaua Moer GEITH 3amicans B BHOE

1 b4
vmoghyven=(z )

I'padax sroft GbyHKUMM eCTh Pe3YABTAT rOMOTeTHH rpadpuka GyHKIME
y= % ¥ NOCIeAyIOmel CAMMETDER OTHOCHTENHHO ocH abcmuec®).
Hrax, sonpoc o rpaduxe ApobHO-nuHeHHON GYHIOWE pemen HCIepIH-

BAIOIIAM OGPA3OM, M MBI MOXKeM COCTABHTH CBOJKY NONYYeHHBIX Pe3yilb-
TATOE,

T'paduxom mpobao-minetiHoft Gynxkmm puja
— M
ex+d

sBiseTed B obmeM cxygae rumepboia (be — ad # 0).
B 4acTHRX cltyassx:
1) opr be — ad = 0 rpaduxoM cIyxnT npaMas y = const;
2)mpabe—ad>0u bc;adaél rpadaxoM ABIgeTCH THNEP6OIA, TOMO-

TeTH4HAd ranepbone y=1'

*Js?m“ummmmnmmmm

y=-3
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3) mpu bcc_zad = 1 rpaduxom cyxer runepbons, NOJYUEHHSH B pe-

SYJLTATE TAPAJLISTBHOIO HepeHoca runepbo § = i;

4) opu be — ad<0n¥#lma¢nxnonquspeayubmmm—
ue'rpmt OTHOCHTEEHO OCH abcopec runepHoseL, {omomermoﬁ ranepbose

y——,mmmoremrpa@md:ynmmny-—;

5) npm T = —1 rpaduxoM ABIAETCH TUNepHONA, CHMMETPHUHAS
OTHOCHTE/IbHO OCH afcopce mapainiesbuo OepeHeceHHO# ramepbone y = %
3z
Paccmorpum cnezyromuft npumep: nycrs ¥ = 2—:0:—-{; Haknem gaa
be —ad 4-3 1
oTolf pyHKOEA BHpakeHHEe —F 5 OHO paBHO —— = Z. 3naqmr, rpa-
3z 42
$ur bysxmmm y = S g1 FOMOTeTHUeH rpaduRy ¥y = o Kosdpuum-
vhc—ead _ 1
C

—E,IIBHTPI’OMO’I'GTHHJIEJKKTBTOWKE

€HT TOMOTETHH PAEEH

d a :
O(\/bc—ad—c’ c——\/bc—ad)’ . e, O’(—1,3). CooTBercTByI0mee NocTpo-
* eHHE BLINOJIHEHO Ha puc. 99.

yh
o .3

1
3 } \"“'--‘..___‘?L:- E
S _wm-iitol 1 2 § &
1 e
y T \\ll -1
z=-—1 \

Pnc. 99
Pacemorpem rpadgax dbyuxupu y—x+ 1 Oﬂmmxe-r 6LTE MOCTPOEH

myTeM <ciaoxeHus> rpacduaxos QyBKIER y—a: n y— =~ (em. puc. 100).
Ilo rpaduxy puano, 9T0 Hams GyHEKOEA AMeeT JIOKaJIbHHe SKCTPEMYMEL:
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5
Ymin =2 TIPH £ =1 | Ymax = —2 0pu & = —1 (X0pomo EIBECTHAA TEOPEMa
0 CyMMe B3MMHO 00paTHEX umces). Och OpOEHAT B GHCCEKTPHCS KOODIH-
HaTREX YVIoB I u III veTsepTu coay:RaT acAMOTOTAME rpacduxa.
7h 9\7
y y=2z
2] \
1 1
‘\,‘_M“-‘“‘y=5
=3 — .,
T 1 o 1 % 3§ ¢
_1 -N-
y"; —-1¢ 1
.\ f@) =2+
_ 1
y=z+_
Puc. 100
yﬂ y=$
\
2t 3 1
i y=z—-
. ,=1
-3 T
—_ =2 -1 /10 /1 2 3 =
_1
v=z -1
1 X f@ =2~
y_x_E \‘—20
Puc. 101
I'padux dynruER y-—-:c--% CTPORTCH IMYTEM <BEMETAHUA rpadiukos
cbynxnnﬁy=azuy—é(cu.pnc.l(]l).@ymmnay::c——nemeem
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aKCcTpeMyMOE. Ee rpaduk aMeer Teé XKe ACEMOTOTH, YTO H rpf.dmx dyuk-
my=z+%. 3ameTHM TAOKe, YTO Mpadak byHKIHEN y=—Z = & MOXHO

paccMaTpuBaTh Ke rpadux gymanm —f(x), rae f(z) =< +l a rpadmk

yuxmE y-l-z— KKk rpadpnx Qymamm —f(z), rme f(..«:) w—l
Bee atr rpa(bm MOTYT IPHMEHSTBCA LIS NOCTPOSHHUS TPadpHKOB .npoﬁ-
HHX KBaJpaTudno-nuHelinux dymxmit pums

_af+brtec
Y="&te (4)

Mz noxaxxem, g0 rpaduxa Gynaxumnit srag (A) MoryT 6uTh HOCTPOEHAI
kax rpaduxu Gysxma# y = mf(ke + 5)1+P, rae f(z) — omna M3 uerHpex
PACCMOTDEHERIX byuxunit Bugs :I:(:z + -) Cravana ybemmnacs, ar0 byHK-

%_ixe_ﬂ( #0,d#0) npe,qcrasmsmeax+ﬁ+wﬂ_e.,ﬂna
9TOrO HJI0 YCTAHOBHTDH CYIIECTBOBAHAE M IMHCTBEHHOCTh POIIEHHS CHCTE-

MBI YpaBHeHuH

ay=4q,
o+ fy=»,
Be+d=c,
v=d,
£g=e,

ST0 HETPYIHO GAENATE, H MH OOMYYHM CIeAYIOMEe pelicHue:

(a=2

=7

w

B=
S = d, (B}
§= o tae® — bde

= = ,
LE=e.

Hrak, ¢ moMompio cooTromenntt (B) Mbl moaydaeM TOXKIECTBO

ax? +br+c §

dr+e =az+f+ +e'

Teneps moxasxemM, uTo GyERIUS X + 8 + 7z+s npeobpasyercd K PELY

mf(kz + b) + p, tne f(z) — onma B3 YerTmpex dbyaxUME :I:(:.-::I: ;), pu
ycaoenn § # 0.
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Cnyqa#t § =0, 1. e. cd? + ae? — ebd = 0, MBIl PACCMOTPHM TOTHAC Ke,
9To0E He BOSBPAIATHCA K HeMY B AaibHelimmeM,
az? 4 bz 4 ¢

Kax #erpynHo 3aMeTuTh, npu § = ( ¢ynxmua ~dte npeoGpazy-
eTcd B BRAY o + 3, T. e. B 5TOM cAyuae €e IpahHKOM CJAYAKHT NpPAMAS.
Ilyers 6 # 0. Bne,meunapauerpmp=%n,\=§; TOrAR
1

)
ar+f+ ——=as+f+ —— prt

yr+e
Ecnuéd20u >0, 10

1
az+f+ BT+ A

m\/gl(@'z+\/gh)+m:| +ﬁ—%, ©

B 9eM JIEerKo yOeOEThCS, BRINIOJHAE BHEKIAZKE B OPABON 9aCTH TOXKIE-
c1Ba (C). 10 TOXNAESCTBO 03HAYAET, 4TO (pyHKums (A) HpnBeseHa K BAAY

1
mf(kz+b)+p, tme f(¥)=2+_,
IpIIeM
a o al
=,{—, k= , b=,f=-)\ ===, D
m=4 Vo \/: p=8 " (D)
2
Taxmoﬁpaaou,rpacbmmutbymumny=Lf:anna>0np>0
fIBIIAETCH Pe3yJLTAT cokarns rpaduxs GyHkumm y = Z+ — X npmMEIM T =
lfk’y_l mcxoscbd:menmunkntcay'mekm l,rea=1

BIH ¢ = d, UMeeT MeCTO roMOTeTHS.
Ecm a <0 m p <0, TO MOXKHO NONOXATh = —o’, o >0 u p= -y,

¢ > 0. Toras
——(cx’:c B+ W - /\)

u mpeobpesopanme (C) DpHMEHHMO K BEIpaXKeHHIO o'z — 3 + ,xl 3
+bz+c

Bsmuquaed:ynxmwmonanpmmmxsm
mf(kx+b)+ p, vHo fx) =-—(:::+ -:1;)

Emma>0np<0imcnouommanmmqlmxpaocymemilyﬁe-
auMed, 9o f(z) =2 - =.

x 1
Ec.rma<0np>0,'rof(z)=—( -z
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DTHMH YeTHIDLMA CIYYATMHA A cTydaeM ¢ = (), PACCMOTPERHEIM paHee,
HCIePILEBAIOTCH PA3HOBHANOCTH rpaduka GyHKIHE

_a’+brte
T dzte
Paccmorpum npumep nocrpoenns rpadwmka dyHkmEn
_ 2P 4z—1
V="gre
Bmounpmepea=2 b=1,ec=-1,d=3, e=2. llo popmynam (B)
naﬁ,ueua—-,ﬁ——- ¥=3, cr—---;-,s=2. Teneps BLMHECIAM [ H A.

MoayauM ;= ?, A-I—TS.'I‘axma>0,,u<0,meeuf(m)=m—%.

Hanee, maitmest
= VI, k=3VI, b=2vi1 u p=-I.

9
OKOHIATENIBHO mOYIaeM

2:!:23::2-—1_ 1‘/—-(3‘/—_'_2‘/—_ ) _3_
—\/_4:+-§\/'_
2s%4 2 ~1
,H;mump{)emrpa@mcbyuumy=-w anorpacbuxcbym-
mm Y=z — — nomeprnwbmmmxnpmz—qny—r
cxoeq:»q)mem:mk=—\/ mlﬁnm-——x/_sso‘i
Taxoe DOCTPOEHHE OCYIHECTRIIEHO HA pnc 102. Caaqana crpodarcs rpa-
c]:m&tbyﬂxmmy::c—% H OCE cxatng T = —1,8, y = —1. 3areM rpadux
bynxopn y =2z — % {m206paxkeHHE DPepHBHCTON] HITPUXOBOH KpHBO)
TIOJBEPraeTcd CKATHIO K ocH o = —1,8 ¢ kosdbuurenTom 1,6 (nmomygeH-
HAEI¢ KPHBEIE H200paskeHH HYHKTHEDOM) M, HAKOHEL, 9TH KPMBRE CKHMAIOT-
cd K ocH ¥ = —1 ¢ xoa(hpuumentTom ckaTug 0,4. OxoHIATENbHEE KPHBLIE
H300pakeHbl KHpHOH cILTomHOH NTAHMEH,

YeraTesio clegyeT AMeTh B BHLLY, TTO OIHCAHEHEH 30eCh CHOCOD MoCTpo-
enus rpaduka GyHaKImm Yy = 2&—-3:_—;”2;1 He fBagercd HanboJee PAITOHAJIL-
HEM, Jlaske nocTpoeHRe 3Toro rpaduka <0 TOUKaM» OKA3anI0ch 66 Gonee

npoc-ru;a. Eme s¢pexTuBEes nocTpoeHERe, OCHOBAHHOS Ha AHAMM3E (YHK-
MR E_ag%z:_l OfHaKO H TO H APYTOE€ BHXOOAT 35 PAMKH HeCTOSmEeN
KHATH, NOCBSIIEHHOH NeoMETpHYECKHM OpeobpasceaHngM rpadpuKkoe QyHK-
mali, FimMerno ¢ 3To#f TOYKH 3peHAS Mhl PACCMATPHBAEM BOIPOCH TIOCTpPO-
eHnd rpacukop ¢ysxmmi. Takad ToUka 3peHns, KAK, BEPOATHO, 3aMETHI
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yn

3 771 3§ %
}, /
A —l,‘ y=11
| ;' f($)=$-5,
j mf(ka:+b)+p=g-x%-g—_i_£ii
Prec. 102

YHTATENb, BO MHOIEX CIYIAMX OKAILIBACTCA BEChMA HOJAE3HOM NpH HoCTPO-
ey rpadukoB GyHKIEH, CAHAKC OHA HE MOKET ORITH IPUHATA B KAYECTRE
yarpepcansHoil. Ho Bce e B DACCMOTPEHHOM Ciydae AOCTATOYHD Gwlo
onpe,qennnanaxa,qm&toocmmsnpegmmemeorpa@me (z+—-
IR & — —-)

l'lpnne.r.l.eu eme NpHMep NOCTpoeHHA rpacduxos GyExumit sBAIa
mf{kz+b) +p (cM. puc. 103).

IIpamennM paccykAeHHA U3 STOro naparpada k rpadukaM ypasHeHnd

e Hkx+bmy+p)=0,... (2)
Ecme y = ¢(z) — omta #3 ¢ymxmuil, oupenenseMbiX yPaBHEHHOM

f(z,y) =0, ro yparnenmen (2) cnpenensercs ynxmms
y=—plz+b) -2, .. ®)

rpadEK KOTOPOH, KAK YCTAHOBJICHO, €CTh PE3YJIBTAT CHKATHH K JBYM I1ps-
MBIM, DAPAINETLHEEM KOOPIUHATHHM ocsM rpabnxs dyuxmun ¢(z). Coso-
KymHocTs rpauos Boex Oyaxuuit (2) asaaerca rpaduroM ypabHerns (1);
TIOTOMY MOKHO ¢hOpPMYIHPOBATE C/GAYIONIEE PABUMO: 2PGPUK YPAeHEHUR
flkz4+bmy+p)=0(k#£0uk#1, m#0Em7#1) ecTb Pe3yIbTAT CIKa-
s rpadura f{z,¢) =0 x ocr y= i pm ¢ xKOxpHUTHEHTOM, DABHBIM —:—1,
nmmxocnz=;cm¢¢mmeamu,panmmk.
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I'J1. 3. PABHOMEPHHE OCEBHE CXKATHA UIH PACTAXKEHHA
”f y=2sin(3z - 1) +1
3
2¢
e 'l a0
-3\ -2// fi y sin(3z — 1)
- — \ —
VARV
y=—13
-mf(kx-]-b) +p=2s8in(3z-1)+1
Puc. 103
Vnpaxaeaus
Tloctpotite rpaduxu ysKumit.

49, 2log,(1 — 3z) - 1.
50. —2arcsin(l — 2z) + L.



TJABA 4
BPAIIEHUE

§ 16. Cemmmerpma orRocETemsHO NpsMolt ¢ = ke,
I'padexn paammuo ofparan ¢ymemeit

CuvmeTpud OTHOCHTENIBHO KOOPOUHATHHIX OCel MM NPAMBIX, HM IIa-
PaJUIeNIbHEIX, Ohina paccMotpena paee. Celtaac Jxe mocrapeEM cefe 38089y
YCT4HOBATE COOTHOMISHIE MKy KCOPAMHATAME TOYEK, CHMMETDHYHEIX OT-
HOCHTEJIbHO JII060# npamoit ¢ = kz, mpoxoasmed wepe3 HAYATO KOOPIMHAT

yJL
% Ml(x! y)
-, y=kz
y" Q
y A YM(z,)
« i N
9] - izt e z
Puc. 104

(em. pae. 104). Ilycre Toukn M (2, y) ¥ My(21,y1) CHAMMETDHYHER OTHOCH-
TesIbHO psMolt ¥ = kx; Torma ecym Touka Q(z*, y*) ecTh cepeauHa OTPE3Ka

MMl, TO . 2+
2t ==
Touka @ npuaagaexuT npaMoft i = kx, oaTOMy

¥+ =k(z+x1). (1)
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Ha tpeyromeauxa RMi M (cm. puc. 104} maxomam
-z =(y -k, (2)

roe k =tg oy a — yroJ HakJoHa upaMoll ¥ = kz k oce abenuce. Yurarens
MOXET CBMOCTOATENLHO yoeIuThes, UTo coorHomenus (1) u (2) sepHE Iph
mobom 3maueHuE yris*) o. Peman cucremy ypasmennit (1) m (2) ornocs-
TeNLHO Ty | 31, NOIYIAM

_1—k2$+ 2k
=Rt T ireY
_ % 1-K%
n=reEt T ire?

. 2k 1-&
H3pectno, uro ecmm tga =k, To sm2a-—i--_’-—k§, a cos2a_.I-_;k—§,

nosToMy (opmyist (3) MOTYT GEITH JAIACAHE B BHIE

®3)

(4)

T = zcos2a + ysin 2a,
p1 = z8in2a — ycos 20

B cwty cavmerpaa Touer M u My MH DomyauM aHANOrHYHES COOTHO-
INEHESA, BHPAKAIOIME KOOPOHBATE & B § Sepes &1 ¥ Y18

(5)

T = 3 co8 2a + ¥y sin 2,
Yy = 2 8in 20 — ¢ cos 20,

Bamerum, uTo npu a = 9%0° wm o = 270° dopmyaus (4) mpuMyT BHEX
I = —,
o
T. e, GySyT BLIPAXKATL COOTHOMMEHNSs MEKAY KOOPIMHATAMH TOIEK, CHMMET-

PYYHHX OTHOCHTENLHO OCH OPIMHAT, yeTaropenare kavi B § 2. Touno Tax
e upHE o = 0° wm o = 180° oomxyMm

T1 =,
Wh=-u

3TO yCJIOBEE CHMMETPHYHOCTE TOUEK OTHOCHTEIbEO OCH abcnace {om. § 1).

“YCnyaan a = 90°m, m € Z, ACKMCUAIOTER 3 PACCMOTPEHNAS, THX KAK OHH OPHBONAT
K M3yMSHHEIM PaHeS CHMMETPHEM OTHOCHTENLHO EOODIAMATHRX Ocell.
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IIpeacrasnder narepec cnydali o = 45° (mnu o = 225°). B sToM ciryaae
cooTHOmeHns (4) npEMyT BRI
=1
h=gz

TIpu o = 45° umeem k =1 ¥ och CHMMETPHE Y = & sIBJAeTCA GHCCEK-
Tpucolt xoopamEaTHEX yrioe 1 u III uerpepru. OxasuiBaerca, rpadpukn
dbyuxmt y = f(z) 7 = f(y) momkEN GHITE CHMMETPHYHB! OTHOCHTEIb-
HO npamoft ¥ =x. Ecim u3 ypaemerns = = f(y) MOXHO BHLIDASUTH ¥ KAK
ABHYXO (OYHKIMIO mepeMeHHOH &, TO, KAK H3BECTHO, TAKAS (PYHKUAS Ha-
sriBaeTcA ofpaTHoff no orHomieHnio kK ¢ynkupm f(x). B xypcax amreSpn
YCTAHABJEBAETCH, YTO eclH GyHkuna f(x) MOHOTOHHA M HENPEPHEHA HA
orpeske [a,b], To Ha orpeske [f(e), F(b)] (wm [£(b), f(a)}, ecm dbynxums
f{(z) y6pBaomas), onpenenens ofparaan et dbyuxuma F(z).

Ipaduny 63qumno ofpamusts Gurryudl CUMMEMPUNHYE OTNHOCUMEADHO
npamoil § = x.

Pac. 105

Ecnu dysxmma f(x) He MOHOTOHHS R 0G/IACTL €6 ONPEAENCHHS MOXKHO
pa3bATE HA DPOMEKYTKH, B KOTOPHX COXPAHAETCS MOHOTOHHOCTE, TO IUIS
dbysxnun f(x) MOXKEO B KAJKIOM B3 IPOMEKYTKOE MOHOTOHHOCTH YKA38Th
ofpaThyIo eff dYHKINIO; COBOKYTIHOCTE MPahUKOB Boex 0OpaTHEX (yHRIHit
sBJigeTcd IpaIKOM, CHMMETPHYHBIM rpacdaKy f(z) oTHOCETe/ILHO mpamMolt
y=2z. '

Ha prc. 105 msobpaxenst rpacduku s3arMuo ofpaTHEX dyHkmul f(z)
u F(z). '
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Tepexonsa k rpaduxan ypasaeHult uaa f(z,y) = 0, nonyusm cremyio-
mee paBuio; zpaduny ypasrenuti f(z,¥) =0 u f(y¥,T) = 0 cummempunsn
OMROCUINEADHO NPAMOL § = T,

¥4 z2

Puc. 106
ut
3¢ y+oosy—z=0
y=z
2 M .
=&+ co8T
2 ’

- LA v -
, z flz,y) =0,
/ —21 f(yaw) =0
Puc. 107

Ha pmc. 106 mocrpoen rpaduk ypasmenus y° — ¢ = 0 KAK pe3yJInTAT
CHMMeTpHH TpaUKA § = £° OTHOCHTEJILHO TIPAMO# Y = T.

Berpeuapmmiica panee rpauk ypapHeHHa Y + cosy — z = 0
(M. pme. 14), H3 KOTOPOrO HeJab3f BHLIPASATL §f KAK ABHYK (QYHKIHMIO
nepeMeEHOR! 2, OHUI NOCTPOEE KAK KDEBAH, CHMMeTpEYHAA rpaduxy
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ypaBHeHHS X + cosz — y = (), onpegensiomero ¥ B BEAe ABHON (DYHKIEH
2z, a UMeHHO Y = & + cosz. I'padux »rolfl PYHEKOME CTPOMTCH ITyTeM
CHOJKEHASA OPAMHAT TOYEK, NPUHAIIEIRAIIAX rpaduKkaM i =T 0 ¥ = COSZ
(cM. puc. 107).

VYopaxsesus
Iloctpoitre rpaduky ypasHeHHAN.

S5l.y —cosy —z=0.
52. 92 ~4y—2+3=0.

§17. Bpamenne

B arom naparpacge Mu paccmorpiM rpacuxe yrximit, obpasyomueca
B DE3YJILTATE BPAMICHHS BOKPYT HAYAJS KOODAWHAT rpadHKOB HEKOTOPRIX
ACXOTHELY, ¢y K.

YeNoBEMCA CYHTATH NOJIOKATE/IHHEIM BPAIEHAE DPOTHB YACOBOR CTpe-
KH. Mit MOoXKeM BOBCe He PACCMATDHBATH OTDHIATENLEEIX BPAIICHHN, €I
YNl moBopoTa GyaeM cumraTs H3MeHAlompmaca ot 0° go 360°.

Prc. 108

13 reoMeTpn H3BECTRO, 9T0 BPAINEAHE MOXKEO PACCMATDHBATE KAK pe-
3YILTAT ABYX NOCHAENOBATE/LHEIX OCEBEX CHMMETPHI OTHOCHTENLHO OCel,
IIEPECERAIOIIMXCA B IEHTPE BPAIMEHHS H COCTABNISIOMMUX MexRxy cobolt yro,
PABHEIA nOJIOBYHE yria Bpamenns. HanmoMaau J0KA38TENBCTBO 9TOMO ¥T-
BepXKAeHUS (IHTATENDb, 3HAKOMBIA C HMM, MOKET 3TOT a63am HACTOAMEro
naparpace TIpPOIYCTHTS).

ITycrs Touxa M (cm. puc. 108) B pe3y/ibTaTe BpAIIEHUS Ha YTOI @ BOKDYT
nerTpa O nepemna 8 Touaxy M. llocTporm ape nporsponsaEwie mpamuie 00,
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7 003, nepecexarommuecd » Touke O 1 ofpasyomne MexxAy coboli yroa %,
orcaarHBaemell or 00 x 00;. Torxa ecau Touxa M nmoapepraercsd oce-
BOft cCHUMMETDHM OTHOCHTENLHO ocH ()1, To oma mepefizer B TOuKy Mi,
% 0pH 3roM ZM OO, = L0, 0M,; ecan 3aTeM Touxs. M noxpepraeres oce-
Boft cuMMeTPHEA OTHOCHTENIbHO ockt 003, TO oHa nepeitrer B Touxy My, no-
ToMy 910 LM 002 = L02:0My 1 LMOM; = 2(L0,0M; + LMO0;) =
=2£0,004 — a.

Hrax, Bpamende MOXKHC PACCMATDHBATE K&K DE3YABTAT ABYX NOCAEN0-
BATE/ILHBIX OCEBHIX CHMMETDUH OTHOCHTENbHO ocefll, YIOBIETBOPSIOMAX B3~
JOXKEHHRM BEIIE TpeOOBAHHIM.

Hyers Touxa M(z,y), npunagnexamas rpeduxy dynxmu y = f(z),
DOAREPIiach BPAMEHHIO HA YroX  (w > 0) u nepemina B Touky M (21, 1).
KoopammaTet To9KkE M) MOXKHO HaltTH, BOCHOAL30BABINCH (opmynamu (4)
§ 16, ecAH PACCMATPHBATE BPAIIEHAE KAK PE3YILTAT ABYX NOCICAOBATENE-
HEIX OCEBHX CHMMeTPHil OTHOCHTENbHO TPRAMHIX ¥ = k& M y = mz wm

: W
y=rtgany=xtgf npu yciosm § —a= 3 (cM. puc. 109).

y\

Y=mx

Pac. 109
B pesyanrTaTe CHMMETPHH OTHOCETEILHO OCH ¥ = k& NONyYHM TOYKY
M*(z*, y"), KOOPIMEATI KOTOPOH PABHE
z* = xcos 2a + ¢ 5in 2o,
y* = rsin2a — ycos 2a,
Tlocne cUMMeTpHE OTHOCHTEILHO OCH ¢ = ME NOIyIEM ToIKy Mi(T:, 1),
KOODAMHATH. KOTOPOR PABHLI
x; =z*cos 23+ " sin 23,
th =z"sin28 — y* cos 28.
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Iloacrasue B mocneauue GOpMyaE BMECTO £* i 3f* AX BEIPEIKEHHS Yepes
T ¥ Y, TOAYyINM

xy = (x cos 2 + y8in 2ar) cos 28 + (z sin 2 — y cos 2cx) sin 25,
= (2 c08 2a + ysin 2¢r) sin 29 — (z 8in 2 — y cos 2c) 0525,

e

21 = 2(cos 2 cos 28 + sin 2as8in 28) — y(sin 20 cos 2o — cos 2 sin 2ar),
y1 = z(sin 28 cos 2o — cos 24 sin 2¢) + y{cos 20 cos 23 + sin 2a:sin 25),

H HAKOHeIl,
(1)

z1 =2cosw — ysinw,
th = rsinw + ycosw.

CooTHomenns (1) BHIPAXKAIOT 3ABACHMOCTD KOODAEHAT TOUKY M, mo-
JIYYCHHOl B De3y/BTATE BPAIIGHHA TOUKE M Ha, YOI w, 0T KOOPAHHAT TOI-
ke M,

JLna Hac mpeAcTABASKT HATEPEC BHPAXKEHHN KOOPORHAT & B §f 9€pes &3
H {1, KOTOPHe MOYKHO HAlTH, PEmWB cUcTeMY ypasHernt (1) oTHOCHTRNBHO
THY

T=2;cosw+ Yy 8inw, @)
y = —z1 sinw -+ 41 COSW.

B uacrHOCTH, Ia o = 45° 7w = 135° nomy9nM coOTBETCTEEHHO

2 2 ! T
—_nVZ V2 (v =45) ®
2 2
H
_nv2_un/2
2 2 ' (w=315%. (4)

_nv2 | niv2
y=—"H +43

Iyets mMeerca ypasEenne F(z,y) = 0. Ecmu ama nemoft uactu 9roro
ypaBHeHu#, T. €. F(2,y), ocymecTBEMO TOXKAeCTEeRHOe npeobpasoBanue

Flz,y) = f(:m/- y\[’ x\/_+yv’-)
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TO EA ocHOoBau®H (opMyn (3) BacTodmero naparpada Mbi MOXKEM yTBED-
XKIATH, 4T0 rpaduk ypasaesna F(x,y)} = 0 ecTb pesy/LTAT BPAIICHASA rpa-
dbuxa ypapsenus f(z,y) = 0 na yron 45°. Hanpmmep, ypasnenne y? — z2 —
— 2= 0 MoXeT OWITh HPeACTABJICHO B BAJE

y+a)y-z)=2,

(Fof)(f)

RITH

ne9TOMY rpadnx ypasHeans y2 ~ 22 — 2 =0, mm y? — x? = 2, Moxer GWTH
IIOCTPOEH B Pe3y/ILTATe BPAINEHAS rpabrka ypapheHus xy = 1 (T. e, rEIEp-
6Gousb1) Ha yros 45° BOKpYT Badasa KOOpIHBAT (cM. prc, 110).

¥t
i
I\
1
! R Ty =
A S U NS G B B
_ e,
zy=1 -.\\ 1
A
i
Pac. 110

B obmem cliysae MBI NPEXOABM K GISIYIOEMY TPABIILY: ecit dak xa-
xofi-nubydo dyrnyun ¢ deyma veuasecmuvmy Fx, y) ocyuecmenno moosc-
decrmsennoe npesbpasosanue suda F(z,y) = flaz + by, —bz + ay), 2de a? +
+ ¥ =1, mo 2paux ypaswenus F(z,y) = 0 ecmov pesyavmam epowenun
zpaduna ypasuerus f(z,y) = 0 eonpye Hauaia Koopusam Ha y204 w, onpe-
deasembidl ua coomuoterudl a = cosw, b=sinw.

BeposTHo, 9BTATENb 38METHJ, YTO NPAKTUTECKOe OpPEMEHEHHE STOTO
TPaBNJIS IIA DOCTpoeHE: I'PadHKOB YpaBHeHuil 3aTpyaHnTensio. B camom
Jedne, HENETKO O0HAPY KUY, 970 HYHKIMS

F(z,y) =32 + 2 4+ 22yv3 ~ 2y ~ 22V3



§17. BPAIIEHUE
MOKeT SHITh Mpe/ICTARTICHS B BHIE
~y_ 2B (2 u/3
F(x,y)-—2 9 (2+ 2)
M YAOBJISTEOPAET H3JOKERHOMY BHIIE NIPABAIY, TIOSTOMY €€ rpaduK momy-
aaeTcs BpamenueM napabons y = 2 aa yroa 60° (cu. puc. 111).

K

Y —xf=2 =-1
Puc. 112
Qopumyisl (2) Hacrogmerc maparpads MPAMEHAIOTCA YAILE BCEro I pe-

menus 06paTHON 3a189H: OTHICKAKAR BAAE Gyakuny F(z,y), And xoTopolt
rpadux ypasverns F(z,y) = 0 nomyqen B pezynsrate Bpainenus rpacu-

Ka ypaerenua f(2,y) =0, vae f(z,y) — nspecrnan dynxuus. Hampmmep,
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Haittn ypasnenne F(x,y) = 0, eci ero rpaduK noaydyeH BpallleHHeM rm-
nepbomsl y = 1 Ha yroa 315° (—45°). [Ipamenasn dopmyant (4), nomyaam

(x—y)z+y)- % =1, nna x? — % =2 (em. puc. 112),

Vapaxreana
TocTpoitre rpacdbuke ypasHesmii.
l.y—zx= ﬁsini-‘-/t_z—y‘).
54. 2¢¥ + £ =0.
550 xr= lg(_y).

*}Vkasanme. [IpeacTeRbTe ypaRHenne B BiAe

=2 w2 _ . (=vZ 32
—T+T-M(T+T)-



I'TABA 5
HHBEPCHSA OTHOCHTEJILHO IIPIMON

§16. Tpadmea bymemei £() ¥ 70

Hassaawe macTosmeit rnass me gpigercd obmeynoTpebHTeNbHEIM Tep-
MEHOM. MH BBe/ €10 ¢ DeLn KPaTKoro 0G03HAYEHHS PACCMATPHPASMOTO
B ¥r0ft IaBe npeoOpas30BaHES, N0 AHAJIOIEM C NpeobpasoBammieM, H3BECT-
HEIM T07] HA3BAHHEM <HHBeDCHH OTHOCHTEJNLHO OKPYKHOCTH?Y. i

Tak xe KoK B ciy1se HEBEPCHA OTHOCHTEIEHO OKPYKHOCTH, KOTES IS
JABYX COOTBETCTBYIOIIEX APYT APYTY To4YeK TpedyeTca HHBAPHSHTHOCTD IIPO-
uspeReHUll paccToaHMH o HIX DO OEETPA BHEEPCEH, DK AHBEPCHH OTHOCH-
TexEHO EpaMoft MuL GyaeM TpeGOBATh HHBAPHAHTHOCTH HpORSBeneHnl pac-
crofamll OT JBYX COOTBETCTBYIONIFAX TOYEK X0 HeKoTopoft mpamolt. B arom
naparpade Taxolh mpaMoll CIYIKHT oCk abcmec,

Pacemotpid rpacduxa dymxmatt f(z) u ﬁ Ovesugo, 115 omFol

nmﬁx@éaﬁcrmccumnpomnenennef(z)-% paeso 1, . e. rpaduk og-
HOH B3 97X JyHKIR 0pa3yeTca B pesy/IETATEe HHBEPCHH Ipa.tbmca Apyroft
dysxmuR oTHOCHTENRHC OCH AbCIMCC.

Ipocreftmam opaMepoM ¢Iy>xaT rpahBKkE GYHKIME § = & H y—
POIIO ASBECTHEE 9HTATEMO. B pesy/ibraTe HHBepCHHE GHCCeKTPHCH moop,zm-

BaTaix yruosB I a Il sersepra orHOCHTENEEO OCH A6CIIHCC MOYIAEM THIIED-
fony, u Haobopor, — nnnepcneﬁmnepﬁonuy=lamwemﬁucceprnca

koopaaEATHRX yrioB I u HI yeTeeprn. 1
Mut A0/EKHH ¢AENATS BaxKHOE 3aMeqanne. [Tyers f(x)-— =» TOLAA —— =
= g. [TockonbKy dysxmd f(z) = % Heonpe,qenenanmmo MBl ZOJLKHEL
OpHNUTH K BHBOLY, 970 $YHKINAE Y = & He onpeaenesa npa = 0?1 Brxo-
AOM H3 COIIABIIErOCH NOJOXKEHHS CIY:KHT OpHMeHeHHe NPHANENA <Opo-
JOJDKeHHAS [0 HeBPEPHBHOCTHY. YCIOBHMCH, UTO ecny f(2) B Karoh-aufyan

TOYKe Ty He ONpeNeNieHa, HO j'(:!:)w_—:wo +00, T0 PyERIES ﬁ B TOYKe Zo

paeHa Hymo. Ilycts f(z) = \/ll—_x Hpn x =2 dbysxmaa f(x) Be onpeae-
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JeHa, HO NPHBEJEHHEOE Bbille IPRBHIIO He NPHMEHIMO, IIOTOMY T YCIIOBHe
J(z) — =oo 3necs He BumonngeTca u byHKIES 7@ B TOUKe & = 2 TakXKe
T—+E0
He ONIpeJgJIeHa, HO B Touke 2 = 1 Gyrxnms f(x) e onpeenena, & Gyakiuua
1 1
el paeua (. B srom cayuse ‘/1__3”—_‘4100.

Tocrpoensne rpaduka dbyHKIER -);% IO TOYKAM COBEPIISHHD OUSBHIHO.
Kaxno#t Touxe rpadnxs byaxuma f(x) ¢ xoopauuaTamMs (x,y) CraBuTCH
B COOTBETCTBHE TOUKE rpappxa QyHKOH @ € KOODHHHATAMY (z, %),

PR 3TOM MOXKHO BOCIIONIEI0BATHCA rpadukamn Gynkmmit ¥ = f(2) 1y = %
{cu. pue. 113).

yh
Q ‘4* A y=f) S
o //
NN\ /
\ B
EX11: N, F Gy=_1_
JA STy )
~3 \-2 -1 e
R N of P R 2 3 i
H"\
™ -1%
\\ 1 f(:t)ﬂf()
24 L
\
\
L IL—3
\
Prc. 113

Iyers f(x) — mekoTopes GyHKURA, 330AHHAST CBOAM rpadHKoM, H306-
paxernnimM Ha phe. 113 mpepriprctolt /mHmeit; rpadrx pyBEKnHE § = i,
(rimepﬁona) m300packed mymkrepoM. JKenas nocrpouts rpadux byHKuEM
7@’ MBI JOIDKHBL KAXKAoH Touxe A r‘p&(l)mcai dynaxmpm f(x) mocrasHTh
B cooTeeTcTBEE TOUKy A’ rpaduka dynkipu 7@ Touxy A’ Moo nadru
nocTpoenneM. CHauana HafifieM Todky A*, MMEOWYO TAKYIO JKe OpIHHA-
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TY ¥, 9T0 # TOUKA A, 1 IPHHALIEKAIYIO rARepbone % (cx. pue. 113). Toraa
0 ceOHCTBY ramepboiisl oTpe3ok A*Q = OP nomken GWTh papeH %, T €
opawHaTe ToukE A'. AGenmeckr Towexk A u A’ pasnu. Ocraeres OTA0NKUTD
or Toukn R orpesok RA' = OP, — u Touka A’ nocTpoens.

TakuM cmocofoM MOXKHO NOCTPOMTH CKOJIBKO YTOHHO TOUeK rpadmxa
QyHKIIH T(I?:_) Pazyueercs, gem Gonpme Touek rpaduks MOCTPoeHO, TEM
Toudee caM rpadHK; HO He crefyer 3abnmsarh, YTO BCERKMM rpabHKOM
HYHKINS 3818eTCH TOMBKS NPubsudicerio ¥ rpaduky QYEKIp HCHoImL3y-
IOTCA Yallle He AN PACHeTOR, & I COCTABICHUS OGIIEro MpeAcTaB/ICHAS
O xapaKrepe GYHKIME, ee ocobennocrax. [looToMy He cnemyer cTpeMUTLCS
K IOCTPOCHHI0 MAKCHMAJIBHOrO uncaa Touek. Hyxno cHauanms yoTaHOBHTH
HeAdQNBHKHLIE TOYKH IPH JAHHOM Dpec{pa3opaHuy, T. €. TOUKH, B KOTOPHX

f(z) = 1. Heficrpurensro, ecma f{z) = 1, To u L= +1. Ha nemew
f(=)
pHECYHKe 310 ToukM £, F u G.

3arem Ha rpaduke byaxuum f(x) cieayer oTMETHTH X8PAKTEPHHE TOS-
KH {IOKAWIbHBIE SKCTDEMYMBI, TOUKH Nepernts, TOYKE PE3KOrC M3MEHOHHS
dyuxunu u T. A.). Ha pac. 113 sro Touxu 4, B, C' u D, TTonesno Takke na-

HECTH HeCKOABLKO NPOMEXKYToaHEIX Touek. [locne mocTpoerns cooTReTcTBY-
1ompx T09eK rpaduxs GyRKuHYT ?(1;)- (4, B, ¢!, D'} enegyer ycranosurs
ACEMOTOTH rpadHKa QHYEKIMA & Mul paccMOTpHM TOABKO ACHMITTO-
TH, IAPAJLIELHBIE KOOPIMHATHHM ocaM. Eciu dyuxmus f(x) ofpamaerca
BHyJIbBTO‘IKe..":o,T e. f(xo) =0, ro bysxmus — 7@) B 3TOH TO4YKe He ompe-
JeJieHs, OOHBKO —— _f(a:) — 00, NOPTOMY NPAMAL & = Lo cnyxmracnmmmﬁ
rpadEKa QYHKUER —-r OR B namem npuMepe rpadux dbymxupn —— (.»;) HMe-

€T JIBe ACAMIITOTH, Hapa/LIeIbHEbIe OCH ODAMHAT, IPOXORAIIHAE JEPes TOUKM,
B Kotoprx f(x) obpamaerca B Hy1b (cM. puc. 113).

Ecm f(x) 2 » OSTOMY HpsMBd Y = — ! gpnaeres

1
f(x) z—*ioo a’
acEMmToTON rpaduka dyEKIER f(lz)' Ha puec. 113 Takux acHMITTOT HeT, HO

YHETATENE HANJET HX B CASRYIOWNX nprvepax (cm. puc. 118),
Ecim f(z) o +00, TO % — (), IOTOMY OCE A6CHMCC CIYKHT ACHMIE-
ToToft rpaduxa dymaHE f(l) {em. puc. 114 u 117).

PaceroTpaM HeCKOIBKO OPUMEPOB TOCTPOSHHS IMPpadrKos by HKImit —— 7 (a:)
JJ11 HEKOTOPHIX XOPOIIO H3BECTHHIX B cpenHeit mkoie ynxnmit f(z).
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Puc. 114
Oyers f(z) =2z — 1 (cM. pre. 114) m HeolXoAMMO NOCTPOUTE: rpadmi

GyuKTME y = 2@1_ T Brmosias H3n0ERHEIS BHINE TPOOBAHAS, IOCTPOAM
IpeABAPATENEHO rpadh UKy PRI y =2x — luy = % YeTarasiuBaewM HA

rpaduke GyERIME i = 22 — 1 TO9KH, OCTAIOIMUECH HENOJBHKHBIMHA NPH MH-
BEpCHH, T. ¢. ToIkH ¢ opmuraTamz 1. Ha prc. 114 310 Touyxu A u B. 3arem

c'rpomacnum'o‘ly:c=§naaueqaeu, YTO GCHMATOTOH IODKHEA CIYKHTD
Taxxke ochb abcuuce. Tenepb OCTACTCA DOCTPOWTH CTONBKO TOUEK Ipaduka
byarurm %1__—1, CKOJIEKO ByJieT COTTEHO AOCTATOMHEM, B 32BHCHMOCTH OT
CTEHNEHH TOTHOCTH .

I'padpux Ppysxmn § = 2% —1 MO}KH;) PACCMATPHBATE TAK e, KAK I'Pa-
buk byuxoun f(kz + b), ecym f(x) = =, Torma ou MOKeT GHTL mOCTpOeH
B PE3YIILTATE C7KATH B 2paaarpa¢m¢ynxm ~gocmz=1 (cM. § 13).
Ha prc. 115 njis1 CpaBHEHHA IOKA38H 9TOT cOocob nompoem

Ha pme. 116, 117, 118 n3obpaxenn rpadukn Gyaxoult ¥ =

1
\ #2420 -1’
y=log 2uy= 3 NOCTPOSHHBE KaX rpaguxn dbyrxomtt @

az? + bx +
B § 15 paccusrpmeancs rpaduk ¢$yHKImE Bris y=——£-—'_e—9.

Ceiftqac NIPEACTABIACTCH BOBMOXKHOCTE paccmorpers rpadwk  GyHK-

dete
e § = PP By e {(apobro-ymEelitofl KBaOPATHIHON (DYHKIMH) KaK



§18. TPAQUKH OYHKITHY f(x) M 1/f(z)

_ 1
¥t ! Y=o, 7
¢ \\
14 1
k‘;— T
L 2 -l
mﬁ%ﬂ T3 3 %
~1 _ .f(z) =
Il 1
.5.-20 8 f(k{b’ + b) T 2e-1
Pac. 115

- 1
P2 +2r—1

1
f(z)




06 1. 5. HHBEPCHA OTHOCHUTEJBHO NIPSIMOR

2
Pesy/ILTAT BHBepCEY rpadaks Gynxnum y = %ﬁ OTHOCHTENBHO OCH
aﬁcngcc. Haum 2aMeqamng no nososy OOCTPOCHHS IpadAxa QYRKIAR Y =
=%,m&menxome§ 15, neMmKoOM OTHOCATCS K NOCTPOSHHAD

___dzte
Tpaduka Gy y = Soam

Puc. 118
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§19. TPA®HUKH OVHKIIAN f(z) M f(1/z) 97

VYupaxwenryg
Tlocrpotire rpaduxu Qpyuxnui.
56. = coseic &.
57. y= li g
58.y= .
Arccos

§19. Tpapmn dymamtt £(2) x £(2)

B aToM naparpadye MB paccMOTPHM IpadEKH d>yﬂmuﬁmafe), AB-
JIompiecss PesyAETATOM HHBepcud rpadwmka bynkmua f(z) oTHOCHTEILHO
OCH ODSMEAT.

Pasencrso f( ) f(z) cnpapemmano, ecxm zil=:c, T. e zx3 = 1.
JlioGol#t Touwe M(z,y) rpadaxa dymxupm f(z) coorsercrByer Touka
M(@1,3) rpaduxe bymxuan f(;), eCH 23 = ~ H Y1 = y; 9TO 03HAYaeT,
yro rpaduk pyrKuEn f(; MOXKeT GHTH TIOAYYeH B PE3YILTATE HHBEPCHH
rpacduka Gpyaxumn f(z)} OTHOCATEHHO OCH OPAMHAT. JIng nocTpoeHus rpa-
duka byrxaun f (%) Yno6HO BOCTIONL3OBATBLCA rENepbOOl ¢ = i
vk

¥ = f(z)
C

5/
B

.

el
u

D 3

y=f(2) Hf(%)

A =2

Puc, 119

Ha prc. 119 sumnonseHo nocrpoenne rpaduka GyarmHa Ogu) KAK pe~
BYABLTATS MHPepcHH rpadmka ¢ynxmm f(z) oTHOCHATENBHO



98 I'J1. 5. MHBEPCHS QTHOCHTEABHO IPAMON

Touku rpacuka pyHKIHE f(%), mme roukam A, B, C, D
rpaduxa dyrxmm f(z), obosnasenn GyksamMu A”, B, C", D", Ha pm-
CYHKe MOKa3aHO nocrpoerre Toukn BY, cooreercrsyomeit Touxe B, Touxa
B" polkuHa EMETH TY ¥Ke ODAMHATY, 470 M Touka B (BP = 0Q), abcouac-
cy :Ke TouxH B” HaliieM nocTpoenneM; OHa paBHa oTpesky PB', xoropnit
HaxoauTCa ¢ moMomplo rrnepbons. Ilo ceofiersy rEnepbois y = é, T e
PB' = -::—, ecrm OP = QB = x. Hocrpous QB' = PB/, naitnem Touky B”.

TakuM cnocoboM MOXKHO NOCTPORTS J06oe queno Togex rpaduxa GyHK-
mmm f (%) IIpn prifope TOYEK CNEZyeT PYKOBONCTEOBATHCS 38MEYAHHEM

w3 § 18. IIpn mesepcrm rpacaxe dynximpm f(z) 0THOCHTENbHO OCH OPAH-
HAT OCTAIOTCS HEDOABHKHEME TOUKH ¢ abcouccamu t1. HeficreuTentho,

F(£1) :f(%). Ha puc. 119 1o Touxn A u E. 3amerum, nanee, 470 npy

£ = 0 pynroms f(%) He onpeaesens, Ho ec f(x) e O a.,‘rof(%) )

H ITO3TOMY, IPHMEHAS NPHEIMI <NPOACIXKEHAH 10 HENPEPHEBHOCTHY, MOJKEM
nONCXKHTE [ =) =ampu z =0,

yh

\y=a?+22-1

\\J/’j /(=) =‘I1:2 +2m =1,
1,2 —21 ___W
T

-3+ ()= 2or- 122

z
Puc. 120
PaccmoTpuM Teneps acEMITOTH rpaguxa dyrkmn f (i), LAPAILIEIE-
Huexoop,mnamhmocau.ECJmf(O)=a,mf(l) — GHIpAMAd Y =4

&/ z=too



§19. TPAGUKN OYHKLWM f(z) U (1/z) 98
ApaAeTea acuMiToTol rpadnks dyuxEn f -:; , mapaJnensroli oca abe-
mECce WM coBnanalomelf ¢ oceio abermec {npe @ = 0); cM. prc. 120 x 121.

Ecnn xe f(:c)x:rozl:oo, 10 rpadex byuxipm f -:; He MMEeT ACHMIITOT,

mapaJieababx ocl abemuec (em. prc. 122).

4 ‘?
24 éﬁ
'/,l'
1/ yr=aa\rcsunl
x
3 /_ A - .
=2 -1 0o 1 2 3 =@
4
y = arcsin /_11 f(lz) =3-1'°3in-'i’
1 (5) = wrosin
.....2(
Puc. 121
_ 1
y=clgz
i
!
'E‘y=ctga:
kY
AN
\\\
3 | ~Z
f(z) =ctgz,
1 1
£(z)=ctsz
\ ACHMIITOTHI:
\ 1,1
VYT e YT 2




100 L. 5. HHBEPCHA QTHOCHTEJILHO ITPSIMON

1
Ecmm  f(z) = +o00, TO f(;) x_-’—;fa +00, crano OniTe, HpAMAs

7=~ ABJAETCA acuMnToroli rpaduka QyRxIEH f(i), TapaJIeIBHOR
ocu opmmmar (cM. puc. 122). B wactHocTH, ecym f(z) — oo, To

Fr—Tod

f(-:;) o H ACHMITOTON Tpaduka DyHKIHR f(%) CIYXAT OCh OPOH-
Har (cv. puc. 120). 1

Haumm paccyxnenus 06 acmvarrorax rpabukos yHxipmk 7@ (cm. § 18)

u f(%) (cm. § 19) memb3s cumraTs crpormvu. OHE Aaw0T yaobHoe B nmpax-
THKe OPaBHJIO /1 HOCTPOSHNS ACHMIITOT, HaPAJIENLHEIX KOODIHHATHLIM
ocam. Bonpoc 06 acuMuToTaX, HE NAP&JUISTLHBIX KOOPAHRHATHBHIM OCHM,
30eCh BORCe HE PACCMATPHBAJNCA. 3TH BONPOCH BRXOZAT 38 DAMKH Ha-
crosmell KHATH, CTPOroe UX H3NOKEHHE IATATONL Hallger B JIOGOM Kypce
AuchdepenmuansHON reOMETPHA WK B IVISBAX MATEMATHIECKOIO AHAJIAIA,
NOCBAMIEHHHX NeOMeTPHUSCKAM MPIIOKe ™) ,

1 1
V¥uerne cTpoRTh rpacdhuru ynxmuh 7@ H f(;) JDOCTHTBETCS He
CTOJIBKO OBHAKOMIICHHEM ¢ H3AMmKeHHEHMH B § 18, 19 npaBunaMiu, ckoabko

CAMOCTOSTE/IbHEIMY YIIPaKHEHHAME, KOTOPHE MBl HACTOSTEIbHO PEKOMEH-
AyeM JATATENIO.

Vopaxuenun

Hoc'rpoﬁ-relrp@mcbynmﬂ.
59, y =sgin —.

1
80. y = 2=,

1

61.y=arooos;.

2

+2xr—1 2 1

02.y=7= (=143 -5)

*)Cm., manpuuep, Pawescknfl II. K. Kype muddepennuanbrolt reoMerpan. —
OHTH, 1938 (ra. 1, § 10).




TJIABA 6
HEKOTOPHE HESJIEMEHTAPHHKIE OYHKITHH

H IX TPA®HKH
§20. ®yuxmas ||, ee rpadrx. I'padmxe dymxupit |f()| 7 £(|2|)
Kax napectHo, |z| = 2, ecm 2 2 0, n |2| = —2, ecom z < 0. TlosToMy mna

HOJIOXKETe/LHEX 3Ha9eHNHE aprymenTa & rpaduk dbyuaxman y = || copnana-
eT ¢ rpadAKOM Y = T, & AN OTPHUSTEILHLIX 3HAYeHM apryMenTa rpadHk
dynxmm y = |r| cornanaer ¢ Mmmu dynruan y = —z (cm. pue. 123).

yJ
3

2¢

1¢

-3 2 -1 0 1 2 3
~14 fx) =|z|

Puc. 123

Qyaxupsa ¥ = |z}, OIeBHIHO, YeTHAA, € IPadEK CHMMETPHIEH OTHOCH-
TeAhHO OCH OPOMHAT.

Pacemorpum rpaduk dbyuxmun y = | f(z)|. Jna spavesntt aprymenrs «,
mpu Koropsix f(x) > 0, rpadux dyaxum y = [f(z)| coptanaer ¢ rpaduxom
ysxman y = f(z); And TexX 3HATERHMIt APTYMeHTa, TIPH KoTophIX f(2) <0,
rpadux dpynxmun y = |f(x)| fomken copnamars ¢ rpaduxoM y = —f(z).

Takum ofpaszoM, das nocmpoerun zpaguxa y = |f(x)| Hyoieno cozpa-
nums wacmu epafuxe Pynwuyuy f(x), nevodawueca nad ocvio abeyuce,
a dan wacmedl epaghuxa Pynxyuu f(x), narodausurca nod ocvro abeyuce, no-
CIPOUMS UM CUMMETRPUNNBIE OMHOCUMEItHe ocy abcyuce (eM. prc. 124).
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y.i

y=\f@)l /1

~N_ /-1 0 1 % 3§ 1¢%
y=5@ _,| f(@)  |f()]
Puc. 124
y
y=|lgz|
1
ol .~1 32 3 &
f/ f(z) = Igz,
e V@I Nlesl
Puc. 125
o) y=le? 201
i 2 =
/f(x)=a:2+2a:—1=
=(=+1)7% -2
b |f (@) = |2® + 22 - 1

Puc. 126
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§20. OVHKUHS jz|, EE TPAOUK. TPAGUKH GYHKIIME |f(x)} ¥ f(|=]} 103

Tlo aromMy npaBrny NOCTPOCHE! IPABEAGHHEE Ha pHC. 125-127 rpadeke
byaxmutt y = |lgz|, y = [z® — 2z ~ 1| uw y = arcsinz].

Tpadax dysrums y = f(jz|), ovepummo, cosnagaer ¢ rpadaxom dynx-
mH f(z} nns Bocex HEOTPHIATEILEHX 3HAYCHRN aprymenTa 2. [ orpana-
TeJMbHRIX 3HaYeHul & aMeeM f(|z|} = f(—2z), nosToMy M mpHXOAM K Cite-
Aywiemy npasmwiy: epadux Pyreyun f(|z]) cummempunen omuocumesvro
ocu 0pduHam; NPL AMOM OAR HEOMPUUGMEALHIE aHajeHull apeymenma T
on coonadaem ¢ zpadruvom Pynsyuu f(z) (cu. puc. 128).

Z2 -1 /0 1 3 %

/ ~14 f(z) = arcsinz,
{ |#(@)| = | arcsinz]

2 3 4=
i £@) m £(z)

Prc. 128

XapaxTep rpaduks byEkmym f(T) IPH OTPHIATEILHHX 3HAYCHASX T
HE HIP8eT HHKAKOH DOME Ajs mocrpoenms rpacdmka ¢ynxumm f([z|). Ha
prc. 129-131 npeeeneAn DpUMEPH OOCTPoeHNs rpadhnrKor dbynKkuuit f(lz|),
a mverno: y=Ig[z|, y= |x|2 - 2z] — 1 m y = 21,



14 IV1. 6. HEKOTOPHE HE3JIEMEHTAFPHHE ®YHKIIMA H HX TPADHKH

y.i

14

/

0 1 2 3 =
/ flz) =gz,
~1; iz} = Iglal,
gz =lg|e|
Puc. 129

y=zz-2a:-—ly

y=lzf? - 2le| -1

-3

flo)=a?-20-1=(2=12~2, f(l=]) =2~ 2| =1

Puc. 130

‘yl
y= 2'”' 3<L
21

flz) = 2%,

] Fllal) = 2l

22 3 o i 2 3 %

..-]_T



§21. OVHKIA [z}, EE TPAOVK. TPAOUKE OYHKIMMA [f(z)] U f(z)) 105

Vnpaxnaesus
Tlocrpottre rpachrkn byaxnmit.
83, y = |z° 4+ 2z ~ 1].
64, y=|2|® +2lz| - 1.

85. y = |sinz|.

66, y =sin |z|.
1

67. ¥ = I;I.

88. y = arccoa |z|.
§21. ®yaxmus (], ee rpadmx. Mpadaxu Gysxmuit [f(z)] v £([z])

Camson [z}, roe  — moboe feftcreaTeNbHOE 9HCN0, 0003HAMALT HEITYIO
SACTh YHMCNIA T, T. €. naubfosvitiee yeaoe Nucao, He npesocxonsmee . MHo-
[Z8 9TOT CHMBOJI YHTAECTCH KAK ¢aHThe oT r». Hambonee ynobHoe HazpaHue
ITOre CHMBOJS, — Tapaxmepucmuxe yacha x. [locoensny Ha3IBaHUEM ME]
a Bymem nons3oparees, Hrak, xapakrepacTakofl moboro MeficTERTeNLHOTO
YnAcAs Aa30BeM HAnGoLOIce LeNoe YA, He IIPEROCKodmee JaHHOE YHCIO.

Hanpmnwuep,
2,3]=2, [0,7]=0, [-n]=-4.

Texmy obpazom, moboe YHCIO 2 YOOBIETBOPIET COOTHOWERASIM

€z <[z]+1.

Ynorpefurencace B Xypee anreGpH ompeAeieHrAe XAPAKTEPHCTHRH Je-
CATHYHOTO JorapudMa IHCHH OTBEUALT NMPHABEIEHHOMY Bhine obmeMy onpe-
JETIeHAI0 XAPAKTEPHCTAKH THCEJ.

T'padux ymknmm y = [2] npemcraBager cobofi kaK Gbl <JeCTHHILY>
(cm. pre. 132). efleraTesbHO, IPH BCEX 3HAYCHAAX T, YIOBIETBOPSIOMHAX
coorromenuaM 0 € x < 1, semonsderca pasescTso [¢) =0. Jua 1<z <2
mMeeM [z)j=1luT A,

Paccemorpum rpaduk dyuxnun y = [f(x)). Jns nocrpoerns Takoro rpa-
duka pasobuem obnacrps onpenencmus Gynkmpn f(x) HA TPOMEKYTKH, A
KaXKIOTO H3 KOTOPRIX BRIIOJHAIOTCH COOTBETCTBEHHO COOTHOIICHHS!

-3< flz) < -2,

-2< f(x) < -1,

-1 “*<\ f (.'B) < 0}
0< flz) <1,
1< f(x) <2,

oooooooooooo
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v

3¢ -—
24 L ——

14 —

—1

—_—
— _3|
Puc. 132
Y 1)
24
- /@)
-2 . —
. -1 0o 1 2 3 4 T
—_— 1
f(z) u [f(z)]
Puc. 133
y‘ y:wz
4 f
f
f
=

\'s
3‘
N

\1 / y=[="

-2 =1 0O 1 2 =
f(z) = 2* n [f(z)] = 27

Puec. 134




§21. GYHKIMA [z], EE TPA®HK. TPACHKH SYHKLMHA {f()) H f(z))

107

Takoe pasfiueHHe MOXKHG OCYINECTBHTBL Ha caMoOM rpaduxe QyHKIMH
F(x) (cM. prc. 133). Jna KaxAOro @3 NPOMEXKYTKOB COOTBETCTBEHHO I110-

JyuHM

[f ()] =0,
[fz)}=1

Iostomy rpaduk dbynxkmum [f(z)] 6yZeT MMeTH BHJ «JICTHMIRD,
<CTYTNIEHBKHY KOTOPOH mMeoT pasHyio mmHy B pasfpocans B Gecniopsiake

(cM. puc. 133).

Ha puc. 134, 135 npusexenst rpaduxn Gpynkuust y =

=3

[#%) n y = Isinz].

b

Y

¥

1 /’

P

e

-l

T

2 3\_5
f(z) =sing,

01
-1

v

y = [sinz]

H’L

[f()] = [sin<]

Pnc. 135

8]y

f(z) u f([z])
Puc. 136
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Hapazny ¢ rpaduxom ¢ymxman [f(z)] cnemyer paceMorpers rpadux
dyuxkman f([x]). Jas ero nocrpoennst cnemyer pasbETh 061aCTH OMpese-
nexus bynxknmy f(x) Ha DpoMexKyTKH

..........

-2< f(z) <1,
~1<€ f(=z) <0,
0 flz) <1,
1< f(x) <2,

..........

3 "2 -1 O 1 5 %
flax) =22, f(l=]) = [«]

Prc. 137

B kaxaoM B2 3TEX NPOMEKYTKOB NOJYUUM COOTBETCTBERHO

...........

LF@) = £(-2),
[f()] = £(-1),
[F ()] = £(0),
[f@)] = FQ),

ooooooooooo

Taxum o6pasoM, rpapBk HMeeT BuA (cM. puc. 136) «recTarmg» ¢ Gecmo-
PHIOYHO PACHOJIOMKEHHEME «CTYIEHBKAMMY, RMEIOIEMH OHY U TY 3Ke JJm-
gy. Ha puc. 137 u 138 nocrpoenst rpadbuxn dbyrxmtt y = [¢]® & y = sin[z].



§22. OYHKLHA {r}, EE TPAQHK. PPA®HKY OYHKIMA {f(z)} H f({z}) 109
yh
19 e
-3 2 s \\;
-1 o 1 2 3~z
y=sinz - ! f(z) =sinz,
-1 f([z]) = sinlz]

Puc. 138

VYipaxBenus

Tocrpofire rpaduxu dymxup.
69. y =[2%).

70. y = [arccos z].
Thy=[2%—2x-1].

72. y =21,

8. y = arccos|z].

T4. y=[z]® — 2[2] - 1.

§22. Qymxnps {x}, ee rpadpux. I'paduxn dynxmad {f(x)} n f({=})

Cunpon {z} obospadser apobHYI> YacTs AelicruTensroro Mcas. Mn
GyieM Ha3HEBATD erc MaHTHCCOR yrcna. OnpegenerueM BesnrymHE {1} Mo-
T CIYKATH COOTHOIEHHE

z=z] + {2},
T. 6. KRJK0@ ACHCTBHTENBEOE YMC/IO PABHO CYMME CBOEH XApSKTepHCTHKH
¥ MaETHccH. VI3 STOro onupefeneEds CIeAyeT, YT MARTRCCE YHCI2 BCELHS
HEOTPRIATENLHA (T €. HOJ0XKWTE/IbHS HiIH PSBHA HYJIIO) H MeHRINE &NaHA-
npt. JeticreurensHo, 0 < 2 - [2] = {2} < 1.
1IpusemeM HeCKOALKO UPHMEPOB:
{8}=0, {3,35}=035, {-3,35}=0,65.

IIpuBeseHHOE BHIUE ONpefeeHAe MAHTHCCH 9THCIA BKAOUaeT B cebd,
KAK JACTHEUL ¢lyuail, HSBECTHOE ONpeAcscHHEe MAHTHCCH JECATHYHOTO JIo-
rapadua uncaa, OueHs J4CTO B PAMYHHX TAOIHNAX HOMEMAIOT He CaMH
YHCIIA, 8 WX MAHTHCCH {CM., Hampumep, Tabnunst Bpazmcs).

- Jna mocrpoenus rpaduka byukmma y = {£} yaobHO BOCHOAB30BATL-
ca coornomenneM {x} =z — [z], T. e. pacemarpuBaTh HCKOMBIE TpadBx



110 T/1. 6. HEKOTOPHE HESJIJEMEHTAFHHE ®YHKLHH K UX TPAOHKH

KaK <«pa3HoCTh» rpadbukos dysxkmult y = 2 ¥ y = [¢]. Bunoanas mocrpo-
enue, mosy4EM rpadur GyEkmaa {z} B BMIe HAKJIOHHOTG <4ACTOKOJIAY
{cM. pre. 139).

yJ
2u

SN S S S

-3 -2 -1 O 1 2 3 z
1. flz) = {=}

Puc. 139

Ipeacrasnsor mrTepec Takxe rpadurn dbymxmuit {f(z)} u f({x}).
Jlns mocrpoenns rpadera byaxumn {f(x)} ofnacrs onpesenenna dyBx-
may f(x) HagO pasbmTh HA MPOMEXKYTKH, B KAXKIOM M3 KOTOPLIX BHIIIOIHS-
OTCH COOTHOLICHAS

—-1‘.,<\f(32)<0,
0< flz) <1,
1< f(x) <2,

..........

Taxoe pa3OEeHAe MOXKEO OCYIIECTBUTS, NONL3YSCh rpadhuroM dyHKmEn
f(z) (cm. pue. 140). Tax xax {f(z)} = f(z} - [f(2)], Ana xaxgoro u3 mpo-
MeXYTKOB IOJIY4HM COOTBETCTBEHEO

.............

{f(@)} = fl=)+1,
{f(2)} = f(=),
{f(@)}=fl=) -1,

ooooooooooooo

Ha puc. 141 u 142 upupegenn rpacduxu yuxuuit y = {22} n y = {sinz}.
Jina nooTpoernna rpaduka dymas f({x}) saveray, 1o f({z}) = £(z)
B nonmyrrTepRane [0, 1); nosromy f({z})= f(x) mpu 0< z < 1 (cm. pac. 143),
Ipw asmererur aprymenta z or 1 go 2 dyuxums {x} mamenserca ot 0
10 1; mostoMy rpadux dyuxuun f({z}} B mosyusTepssaae [1,2) <nobropd-
etca». JIna XKaKAOro B3 MOJYMHTEPBAIOE [n, 1t + 1), rae n — moGoe nenoce
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(=
N
\f (=)} / /_\\

T

2 3

y = flx),
y = {f(z}}
_ Puc. 140
¥4
\ 4¢ =7

-.\ i ;f

N\ o2/

. :/y = {2%}

-2 -1 0 1 2 T
f(z) = 2%, {f(2)} = {«*}

{f(@)} = {sinz}

Pac. 142
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f({=z}h) ><_
< a
1 R
N2 . . L
N/ o1 2 3 4 z
_1] ¥= f(x)s
y=f{=})
Pnc. 143
v}
= x?
E& 4 .-";y
.‘|. 3 ,-"
\ /
.\\ 2 , / 2
1 y = {z}
N,
-3 -2 -1 QO i 2 x
—14 f@ =2 f({z}) = {=}
Prc. 144

0O 1 2 3 x
f(z) =sinz,

f({#}) = sin{z}

Puc. 145
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umeiio, rpadux dyrxkurm f({2}) AMeeT onpE U TOT XKe BHA; OSTOMY JUIS
nocrpoenns rpaduxa by f({x}) KocraTouHO €ro NOCTPOUTE B IOMIY-
wrrepeasie [0,1). Ouerngno, bynxuna f({x}) nepuonuyeckad, ee nepuox
paBeH eIMHUIE,

Ha pme. 144 = 145 npe,ucramem rpabuka ¢yRkupi y = {;\v:}2
n y= sin{x}. : .

Yopaxnesna

Hocrpoitre rpadmu Gynxmmi.
75, y={2°}.

76. y = {arccoszx}.

. y={2%? -2z -1}.

78, y = 2=},

79, y = arccos{z}.

80. y = {}* — 2{z} - 1.
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Jy=2

-
S,

f(.’b) =27,
fl-z) =2

[ F—2) = tg(—=)
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v = ctg(~z)

A

7(@) = ctgz,
F(~2) = ctg(~2)

>
f{z) = arcsinz,
J(—z) = arcsin(—z)

y = arccosx ¥} y = arccos(—z)
i,\ 3
\ /
AN
—*——“‘—'—.—b

-2 -1 0 1 2 =
L f(z) = arccosz,

f(—=) = arccos(-z)

115
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8.
flz) = arctgz,
f(—z} = arctg(~z)
7. ,
\ / y=a
'\ 24
y /
kY /

80
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10.
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11.
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i 4

t Yy

5
\

L)

y = arccos m\\\ "2

g

\\
19 \\\
\\
\“‘
—1¢

12.
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3.

i,
———
.,
S,

14.
yn

-~
-
e
-

------

I
[

| 4
[ay

|

o
g
(]
Ry
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150
/\ydl
y=3—sinzx 3 \/
. . Q¢
y=15 1
SN
N, N
\ -2 —'1_/- 0o 1 2 3Nz
“,
“\.___,__//_1" f(z) =sinz,
Yy =smnz a— f(x) =3 ~sinz
16.
i ¥4
“‘\
\\“
y= arccos:c‘»\:p
N
1le \\‘
\\
. \
-2 -1 O 1 2
—11' y == -"'0’5
—29
y = —1—arccosz
f(x) = arccos z,
a— f(z) = —1 — arccosz
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17.
2+(1-yP=4
1
V=3
N, ) N
T\ -1 O / 2z
32 +y2=4 -1 /
I fmy) =+ — 4,
f@l-y) =22 +(1-y)?
18.
¥4
49
N \
24 /
1.7
A
.-»-"'.’.‘/
2 -1 O 1 3 E) z
f) =2,
fla—a)=2%"
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18. y
p=tg(l-2)13 | y=1tgz

f(z) = arcsinz,
f(a = z) = arcgin(—2 — z)

200 y
r=-1
y = arcsin(—2 — z) 2! y = arcsing
}
1
N =1 0 1 2%
l/_‘-l

21.

f(z,y)=y2—$,
fl-zy=1*+z-1
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22,
23.
T ——— y“
y = arcctgx \.\\2"
\\
™~
1¢ \“
—
e,

2 "1 0 1 32 z
f(x} = arcctg z,
—f(-=) = — arcctg(—z)

_2‘\
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24.

y+ceosy—xr=0

fz,9) =y +cosy—z,
f(=z,-y) =cosy —y +2

250




26.

27’

28.

OTBETH K VIIPAXKHERHAM

1 rd
.of//
=T 0 1 3 %
- fz) =2,
flx+a) = 242

2} y=arcsing y = arcsin(z — 2)

L 4

|
=
o
\H
[
o
Hy

—24 f(:l?) = BJ'CSiII.E,
J{z + a) = arcsin(z — 2)

/f(x,y)=z2+y"-—4,

g fl@tay)=@+27+y" -4

125
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31.

Y y—-1)2-z=0
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33. y
’]'AF g =coosy
- Y
LT \~.\/
ey
N1 0 %“‘ 3 =
.w// y_'___lmsx\\ ————
-~ -1+ 2 A
f(z) = cosw,
1
Bf(z) = - cos(a)
34. ¥
3
2
y = arcginz
1
-2 -1 0o 1 2 =
-1
f{z) = arcsinz,
2 kf(zx) = 2arcains
y = 2arcaing _3
35. \ v y=.n:2 sll___(x_l)zl
34 ]
N7
\ Y ,
\ '.‘2
Voo
Y 1\ .
\
y= (:c 1)
. “\v\\ /
-2 -1 0
) o) = e 17,
1
k(@) = e - 17

1
y =z o082
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OTBETH K YTIPA o
36. N
. yz;_"’ =0
-".'-.-
/- 2 =
1¢ L Gy~ =0
O 1 2 é i 5
-1 \‘N‘-u
H""""'N--n..,_
2 -0
f@y) =y —z =0,

37.

Flaky) = (29)° — =

o oy=tg=x
]
2|I "
;
;."
10 = 3
/ T
-1 i 2 § =
-3 -2 e ° ! é gj
/_1" f(m) = tg-’-",
/ flks) = tg 3,
;'a —29 = 1
e
Yy
1 ~
-
T2 1 o 1 : e
flz) = arctgz,

~1 f(kz) = arctg10z,

k=10

s
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flay) =y —z=0,
flz,y)=y*—22=0




41.

42,

OTBETH K YIIPAXKHEHHAM

:1':2+y2 =1 .-]-'0-\
[ ey =t

_‘2_11‘ij1 3 =

Uk, ky) = (V) + (V) - 1

131
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43.
k
Y
v
2¢
"..‘ 9
¥=z-2
1+ .
I
-3 . —
=2 -1 O 1 2 3 =
b\\y=w_2 ]
. —1 1
AN \ f(kx‘l'b)-z 1’
\_ 1
£ =-2 1.1.‘2 k_ﬁ’b—ul’
¥y=3 YPABHEHBE OCH CXKATR: T = —2

f(x) = arccosz,
Y% f(kz + @) = arccos(2z + 1),
k=2b=1,
\24 YPABHEHME OCH CHKATHH:
y = arccos(2z +i1) \ ™ I S,
N, TEToE T 1

Y = arccos

2 =

b
|
faany
—.—-
o
fary SH
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f(:c,y)=y2—-:c=0, v
flhz+by) =42 —Ba-1)=0, 5| |¥'~@e-1=0
k=3,b=—1, . /"',.-'fy —p=
ypann:ocn m‘;’ﬁﬂ- 14 ‘,.-"
=rE =3
) 31_0“ 1 2 3
—-]1¢ \.‘
2ol '
2
1
f(x)=5’ 74
_11_ .
nf(k:c)+p-—-2- p 1, \
_1 9y
m—iyp_"': ",‘
YDSBHEHHe OCH COK8THA:
P . .__o 1 _1
y—l"'m,y— “--.._,,__“f—:c
—-3 » . -~ » .: -
_'__ 2 -1 O 1 2 3 z
1T :
V=122
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47,
‘ylt
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7 f(z) =

mf(z)+p=
m=2p=-l,

YPABHEHME OCH CXKATHSA:

&

48.

__ P
] y_l—m’

arcsinx,
2arcsing — 1,

.y=""1

-1
flay) =2+ -4 =0, \%4 !

f(zgmy+p)=z2+(2y+1)2_4=o,
m=2’p=1



OTBETH! K VIIPAXKHEHMSIM
49,

ydl
y = 2log,(1 ~ 32)~ 1

U=10g2(1_3$‘) 2¢

-
1

\'.0 //

!

(o]

L¢
__--.'-.-.
\l

P N
(31 )

i

1
-1 t: ! f(x) = log, 7,

i

¥

S

¥ l‘

y = —2aresin(l - 2z) + 1

! y=al'cginx

P 3 %
f(x)__-a’rmx,
; —14

\ mfz+b)+p=
' ':

~2arcsin(1 - 22) +1
—2¢  y=arcsin(l — 2z)

1 mf(ka +b) +p = 2logy(l ~ 3z) — 1
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51.
yl
y=x—CcoBx
3 ) y==z
/
/
2
| 7 y—cosy—xz=10
‘,.J'q /
/
/ /\
-3 -2, /-1 01 g § ¢
-.o""’ _lJI/ “\“-.
” Y =COBX
w2¢
fz,y)=x—cosz—y =0,
f(ys$)=y—cosy—a:=0
52.

ya
"\A—m+3=0 i

A y=$/

-1 0 1‘\\ ﬁ/i\ 4
—1¢ \\"--....

fzy)=x -4 -y+8=(2-22-1-y=0,
Ffue)=y—-2P%-1-2=0
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53.
[—2
54.
. y=2
2
Waihze=0
1 3 &
—14
550 yJ
1l¢ Y= lg_:;r
-"-. --_—”.-
—

t|\,>

Y
/
—- O
N
[ o=

()

.
Hy

z =lg(~y)
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56.
vt Y = COBEC T
2¢
1¢ \'\-.., ~ _ 1
e d “*u.h..___? Tz
N =—3 . _ N N N N
=2 -1 /[0 1 2 3 %
~ e L7 y=sing
™~ ¢e—1
-2 f(x) =sinz,
1
= Cosecx — = COBeCZT
21 f(=)
V=3
57’
1
arcsin x
'y = arcsinz
1
\\“--..-- y=7
= i
"--q...."__“ 2 é T
f(z) = arcsinz,
i 1 - 1
4—p Jfl@) arcsinz
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B8.
yn
/ \
2 1 0 1 3 2
0—1 f(w) = armosw,
1 1
f(z) — arccosz
§9.

139



140 OTBETH K VIIPAXXHEHMAM
60.
2 1 O 1 3 3 %
1 i
-_— T — | =2=
=19 f(?.:) =2% f(:c)
61.
yll
2¢
1
y = arccos \\\ 14
. f|= arccosx
. e . S
55 3 :10\1 I
1
f(x) = arccosz, 1} y = arccos =
1 1 '
f(;)=al'00085 sl
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62.
74

flg)=2—(z— 1)%,

TURE

4s.

2/ 3 &
/ f@y=2*+22—-1=
/o =-nT-2
£ (@)] = |=* — 2z - 1]

141
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y=22+2c—1 ¥t y=lzlP+20] -1

'i.‘.‘ 29
\ 1
0 .

|\ "
=5 -2 -1 1=
.\ _ f(m)=$2+2$"‘1$
(12 = fol? + 2ja| - 1

\\//lfl

65,
b

~ s > INT
\ > j/' 0o 1 2 . 3
e 4l F@) =sing,
Yy =8y |f(3')| = Isin:l?'
66.
yl\
2

A f@ =,

y=sing f(la_’l) = sin|z{
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67.
T 2 3
\ f(x) =T
\% | fle) = 1
| V@I=|;
i
68. y = arcoos y
.\ 3
N
N2
1¢ \ y = arceos |z]
-2 -1 O 1 3 %
f(z) = arccosz,
f(Jz|) = arccos|z|
69.
91‘ / y=2
39
ra
24 /L-
------- MM,‘
2 -1 O 1 32 2
flz)=2%
1t [f=) =17

143
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70.
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A\» y = [arccos 3]
BIRN

\\‘y=a.l'00082?
2 1 0 _i 2
f(z) = arccos =z,
[f(z)] = [arccos ]
7L, "
3¢ y=x2—2x—1
! /
3 f
-\\ 2 !!‘
%
A 4 f£_y=[$z_2,,_1]
3 /
BT \[0 1 2/ % %
:%\ fl@)=23—-2z -1,
[f(@)] = [a® ~ 22— 1
_2.__\_\..L *
72. 14 y=2°
s/
" -
-
-%_4 I ~
73 2 -1 O 1 22
flx) =27,
T fe) =2
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73.

yl
T 3
\\i'
Y= arccos|z]
1¢ \
, ¥ = arccos
y
-1 O 1 2 =
_14 (=) =arccosz,
f(ix]) = arccos|z]
T4. v
3]' y=22—-2r—1
\ /
1
— —
\““ ;
.\ 14 ;
". !'
% !
Y e
-2 - "\0 1 2/ 3 ¢z
\ /
ik fy = [of? - 2] - 1
N fl@)=a?~22-1,
- £ = [of? - 20e] — 1
75. y
s V3T
fmy=2", %
{f@m}={2" , /97{2’}
3 2 -1 O i 3 2
_1+
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76.

78.
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y = arccosz ¥

1 2z
JF(z) = arccosz,

{/(=)} = {arccos z}

yl
34 y= e . |
{ /
} f
\ 2
i 2 f
\ y={z2-2z-1}

\7/8

N/
N/

() =2°-22~1,
{f@)} ={o* 20 -1}

1 2
flz)=27%,
f({z}) =2t
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3

y = arccosx ¥
‘.‘ *3

Y

1 \; = arccos{z}

2 -1 © 1 3 2
f(z) = arccoszx,

[ f({z}) = arccos{z}

\ 3] y =z —"22: -1
‘"‘x /

N

= (P2} - 11\0 A
NN

fl@)y=2-22-1, f({z}) = {z}* —2{z} -1
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